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Finite-sample distributions of self-normalized sums *

Abstract

Logan et al. (1973) analyze the limit probability distribution of the statistic

S, (p) = Zioy X; /(Zizl |X; P )”p as n— oo, when X; is in the domain of attraciton of a

stable law with stabilility index o. By simulations, we provide quantiles of the usual

critical levels of the finite-sample distributions of the Student’s t-statistic as
ote(n) = S,(p) [(n—l)/ (n -s2 (p) )]1/2 with p=2. The response surface method is used to

provide approximate quantiles of the finite-sample distributions of the Student’s t-statistic.
Zusammenfassung

Logan u.a. (1973) untersuchen die Grenzwahrscheinlichkeitsverteilung der Statistik,
S, (p) = =iy X; /(21:1 1X; [P )1/ P mit n— oo, flir den Fall, dass X, im Anziehungsbereich
eines stabilen Gesetzes mit Stabilitétsindex von o liegt. Mit Hilfe einer Simulation werden
Quantile der iiblicherweise verwendeten kritischen Niveaus fiir Verteilungen endlicher
Stichprobenumféinge der Studentischen t-Statistik, tz(n) = S, (p) [(n—l)/ (n—Srz1 (p))]l/2

mit p=2 ermittelt. Die Antwort-Oberflaiche-Methode gibt die approximierten Quantile der

Verteilungen endlicher Stichprobenumfinge der ¢-Statistik in einer iibersichtlichen Form

an.

The views expressed in this paper are those of the author and not necessarily those of the Deutsche
Bundesbank.
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1 Introduction

Econometricians have long been aware that the tails of a great deal of economic
data are thicker than that of the Gaussian distribution. Therefore, it is of interest
in hypothesis testing to specify both the limiting distribution and the finite-sample
distributions of the Student’s t-statistic

() = uS(n) (%) , (1)

with .
1 X

Ny el 2

where the random sequence {X;}7 is in the domain of attraction (DA) of an «-
stable law with index a € (0,2]. The DA condition is equivalent to P(|X]| > z) =
r7*L(x), z > 0, where L(z) is a slowly varying function,' and lim, FI,J((éT;g) =r;
% = [, for some r, [ > 0. When r = [, the random variable X; is

symmetric, and thus the statistic in (2) is self-normalized in the sense that it has

S(n) =

lim,

zero mean and unit variance. A random variable X is said to be stable if for any
positive numbers A and B, there is a positive number C' and a real number D such
that AX; + BX, Lox+ D, where X; and X, are independent random variables
with X; L X,2=1,2; and “ 2 denotes equality in distribution. Moreover, C' =
(A% + B*)Y* for some a € (0,2], where the exponent « is called index of stability.
When 0 < a < 2, the tails of the distribution are thicker than those of the normal
distribution. The tails become thicker as a: decreases such that moments of order «
or higher do not exist. A stable random variable, X, with index « is called a-stable.
The a-stable distributions are described by four parameters denoted by S(«, 3,7, 9).
The shape of the a-stable distribution is determined by the stability parameter a.
For a = 2 the a-stable distribution reduces to the normal distribution, the only
member of the a-stable family with finite variance; for a < 2 it has infinite variance.
Skewness is governed by § € [—1,1]. When 5 = 0, the distribution is symmetric.
The location and scale of the a-stable distributions are denoted by v and §. The
standardized version of the a-stable distribution is given by S((z —v)/d;«, 3, 1,0).
The a-stable distribution is an interesting error—distribution candidate, because only
the a-stable distribution can serve as a limiting distribution of sums of independent,
identically distributed random variables. This is an appealing property, given that

disturbances can be viewed as random variables which represent the sum of all

LL(2) is a slowly varying function as z — oo, if for every constant ¢ > 0, lim, % exists
and is equal to 1. See Ibragimov and Linnik (1971, p. 394) for more details on slowly varying

functions.



external effects ignored by the model. Therefore, the hypothesis test based on
the a-stable distributed disturbances is directly related to the statistic in (1). For
more details on the a-stable distributions and discussions of the role of the a-stable
distribution in financial market modelling, see Zolotarev (1986), Samorodnitsky and
Taqqu (1994) and McCulloch (1996).

Logan et al. (1973) consider the limit distribution of the statistic in (2). When
0 < a < 2, the statistic in (2) is a pseudo statistic because the second moment for
the a-stable random variable does not exist. This pseudo statistic, however, still
has a limit probability distribution. Logan et al. (1973) show that for 0 < a < 2,
the limiting density, f(y), is a complicated form involving an integral of a ratio of
parabolic cylinder functions with Y := n-w Yo X, as:

£() = lim Real [~ [ g(a)e=ar]. (3)

where Real[ | denotes the real part of a complex number and ¢(¢) is the characteristic
function of a stable random variable as follows:

o(t) :/OO UAP(X < u)— {—5°‘|t|°‘[1 - i3 ‘sign(t)tan%] j‘Lifyt, for a # 1,

—o0 —6|t|[1 + i35 sign(t)In [t|] +ivt, fora = 1.

This limit distribution is a calculable expression, and quantiles of the usual critical
levels of the distribution are given in Tables 2a-c at the end of the paper. Further-
more, the limiting distribution has the properties that the tails of the cumulated
density function are Gaussian-like at +co and that the density function has finite
(infinite) singularities at £1 for 1 < a < 2 (0 < o < 1). This is because the sums
in the numerator and denominator in (2) are essentially determined by a few sum-
mands of largest modulus for @ < 2. As « increases to 2, the singularities vanish
and the density function tends to the normal density. This singularity, called the
bimodality for 1 < o < 2, has been conformed in several subsequent works (see, for

example, Phillips and Hajivassiliou, 1987).

2 Finite-sample ,t-distributions

In this section, we perform simulations to approximate quantiles of the distrib-
utions of the Student’s ¢-statistic in (1) with finite degrees of freedom for a-stable
variables. By doing that, we concentrate on the most empirically-relevant case,
namely 1 < a < 2 and g = v =0, i.e., the underlying stable random variables are
symmetric about zero. Specifically, we consider a-values from 1.0 to 1.9 in steps
of 0.1; the degrees of freedom ranged from 1 to 30 in steps of 1. For each of the

resulting 300 (v, n)-combinations, 100000 replications are generated.?

2The a-stable random variables are generated with the algorithm of Weron (1996).
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Before discussing the main results, some observations regarding the finite-sample
distributions are in order. First, by a given sample size, the finite-sample distribu-
tions tend more and more, as is expected, to become bimodal as the stability index
a decreases. Second, by a given low «, say a < 1.5, the bimodality of finite-sample
distributions still remain as n — co. When 1.5 < a < 2, the bimodality vanishes
quickly as n increases, but the degeneration to the two points with mass at +1
still remains asymptotically. Third, the tails of the finite-sample densities tend to
become thinner, as n increases. These phenomena are summarized in Figure 1 by
the empirical distributions of the simulated ,¢ with n = 2,10 and 30; a = 1.8,1.5
and 1.2.

The first column of Figure 2 shows the simulated response surfaces for percent
points £ = 0.9, 0.95 and 0.99, illustrating the dependence of the quantiles, denoted
by ate(n), on o and n. The difference of the quantiles of the ,t-distribution from
those of the usual ¢-distribution increases as « drops below 2, but the increase is
rather smooth and well-behaved. The second column shows the fitted response
surfaces for percent points & = 0.9, 0.95 and 0.99.

Rather than simply tabulating specific quantiles of the simulated ,¢-distributions
for selected (v, n)-combinations we employ response surface techniques to present
all simulation results in a compact fashion.? In fact, we fit a joint response surface
reflecting the dependence of the quantiles not only on a and n, but also on the
percent point £. In the estimation, we use three percent points, namely 0.9, 0.95 and
0.99. Combinig these with the 300 (a, n)-pairs, the joint response surface is derived
from simulated quantiles of 900 («, n, £)-combinations. Because of the smoothness of
the transition when « drops below 2, i.e., when moving from the usual ¢-distribution
to the ,t-distribution, we estimate the response surface in terms of deviations of the
quantiles of the ,t-distribution from those of the usually tabulated ¢-distribution®
ie.,

Aate(n) := ote(n) — ate(n).

3Response surface methodology has been used in various statistical and econometric applica-

tions, see Myers et al. (1989) for more on this topic.
4 Alternatively, one can employ the method of Peizer and Pratt (1968) to approximate the

quantiles of the ¢-distribution

ste(n) = \ln [exp{(n—%) (ﬁf} _1],

where z(§) is the £-quantile of the standard normal distribution.
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Figure 1: Simulated densities of ,¢ random variable for selected n and «
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For the response surface, we specify the polynomial

2 4 4
i i _k
Aate(n) =33 3 ae(=In(1 =) (2 = @)™ + o, (4)
=0 j=1 k=1
which ensures that Ayte(n) — 0 as @« — 2 and/or n — co. When n — oo, the

response surface is specified as

Aot = 33 by(=In(1 = )2 = ) + 11 (5)
i=0 j=1
which ensures that Ayte(n) — 0 as a — 2.

Estimating (4) and (5) with the least squares method, it turns out that only a
subset, of regressors is needed to fit the simulated quantiles. We selected the subset
by maximizing the adjusted-R? value. The estimated coefficients are presented in
Table la for the regression (4) and 1b for the regression (5) at the end of the
paper. The adjusted-R? values for the regression (4) and (5) are 0.9902 and 0.9959,
respectively. Various additional measures of goodness of fit, namely the standard
deviation (0.1170 for (4), 0.0061 for (5)) and the absolute mean value (0.0317 for
(4), 0.0047 for (5)) of the residuals, also suggest a good fit.

Based on the estimates in (4) the response surfaces for percent points & =
0.9,0.95 and 0.99 are illustrated in the second column in Figure 2. For selected
a-values response surface approximations for the 0.9—, 0.95—, and 0.99—quantiles of
the ,t-distribution are reported in Tables 2a—c at the end of the paper. The first
column of each table corresponds to the usual ¢-distribution, and the last row of
each table corresponds to the limit probability distribution in (3). Due to the sin-
gularity effect, absolute quantiles of the percentage points outside of +1 decrease as

« decreases.

3  Summary

We presented an extension of the usual ¢-distribution for normally distributed vari-
ables to ,t-distributions for heavy-tailed random variable Quantiles of finite degrees-
of-freedom distributions for a-stable variables were simulated and compactly sum-
marized in terms of a fitted response surface. The approximated critical values can

be used to perform t-type tests when residuals are a-stable distributed.
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T ablela.

P arameterEstimates of Fitted Response Surface”

Qijk
i k 1 2 3 4
]
0 3 - - -25.720 41.699
(-4.920) (7.570)
1 1 - - - -0.282
(-2.706)
3 1.415 -10.047 41.057 -45.278
(5.229) (-5.604)  (8.769)  (-11.688)
2 1 - - -0.154 0.390
(-2.332) (5.671)
2 0.109 - - -
(5.308)
3 -0.332 2.815 -10.530 10.500
(-4.614) (6.229) (-10.752) (15.364)
4 - - 0.301 -
(4.573)

®t-value are reported in paremtheses.

T able 1b.

P arameterEstimates of Fitted Response Surface”

bij
j 1 2 3 1

i

0 0410  -1.132 1214  -0.746
(1.839)  (-2.368)  (2.024)  (-2.592)

1 0.296  0.481 - -
(-2.393)  (3.249)

2 0.067  -0.098 - 0.025
(3.747)  (-4.466) (6.554)

®t-value are reported in parentheses.




T able2a.

ot 90-quantiles for selected a-values

2 19 18 17 16 15 14 13 12 1.1 1.0
n
1 6.31 6.07 592 577 5.60 542 521 498 473 445 4.15
2 292 286 280 274 267 259 250 240 230 2.18 2.06
3 235 232 229 225 220 216 2.11 205 199 192 1.85
4 213 211 208 205 202 199 195 191 186 1.82 1.77
) 2.02 200 197 195 192 189 186 183 1.79 1.75 1.72
6 1.94 193 190 1.88 186 183 180 1.78 1.74 1.71 1.68
7 1.89 188 186 1.84 181 179 1.77 1.74 171 168 1.65
8 1.86 184 182 180 1.78 176 1.74 1.71 168 1.66 1.63
9 1.83 182 180 1.78 1.76 174 171 169 166 1.64 1.61
10 181 180 1.78 1.76 174 172 170 1.67 165 162 1.60
11 1.80 178 1.76 1.74 172 170 1.68 1.66 163 1.61 1.58
12 1.78 177 1.7 1.73 1.71 1.69 167 165 1.62 1.60 1.57
13 177 176 174 1.72 170 168 1.66 1.64 161 159 1.56
14 1.76 175 1.73 1.71 169 167 1.65 1.63 161 158 1.56
15 1.75 174 172 1.70 1.69 167 1.64 1.62 160 158 1.55
16 175 173 172 1.70 168 166 1.64 1.62 159 157 1.55
17 174 173 171 169 1.67 165 1.63 1.61 159 1.57 154
18 1.73 172 170 1.69 1.67 165 1.63 1.61 158 156 1.54
19 1.73 172 170 168 166 164 1.62 1.60 158 156 1.53
20 1.72 171 170 1.68 1.66 1.64 1.62 1.60 158 1.55 1.53
21 1.72 171 169 168 166 164 1.62 1.60 1.57 155 1.53
22 1.72 170 1.69 1.67 1.65 1.63 1.61 1.59 1.57 155 1.53
23 171 170 1.69 1.67 165 163 1.61 1.59 1.57 155 1.52
24 1.71 170 1.68 1.67 1.65 163 1.61 1.59 1.57 154 1.52
25 1.71 170 168 1.66 1.65 1.63 1.61 1.59 1.57 154 1.52
26 1.71 169 168 166 1.64 163 1.61 159 156 154 1.52
27 1.70 169 168 1.66 1.64 162 1.60 1.58 156 154 1.52
28 1.70 169 167 166 164 162 1.60 1.58 156 154 1.52
29 1.70 169 1.67 1.66 1.64 162 1.60 1.58 1.56 1.54 1.51
30 1.70 169 1.67 165 1.64 162 1.60 158 1.56 154 1.51
00 1.65 164 163 162 1.60 159 156 1.55 154 152 1.50
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T able 2b.

ot 95-quantiles for selected a-values

2 1.9 1.8 1.7 1.6 1.5 1.4 1.3 12 11 1.0
n
1 1271 1220 11.88 11.56 11.21 10.82 10.40 9.93 9.42 887 827
2 430 418 4.09 399 388 376 3.63 348 332 3.14 295
3 3.18  3.12  3.06 3.00 294 286 278 269 260 250 2.39
4 278 273 269 264 258 253 247 240 233 225 217
) 257 253 249 245 240 235 230 224 218 212 2.05
6 245 241 238 234 229 225 220 215 2.09 204 1.98
7 236 233 230 226 222 218 213 209 2.04 198 1.93
8 231 228 224 221 217 213 209 204 199 194 1.89
9 226 223 220 217 213 2.09 205 201 196 191 1.86
10 223 220 217 214 210 2.06 202 198 194 189 184
11 220 218 214 211 208 2.04 200 196 192 1.87 1.83
12 218 215 212 209 206 2.02 198 194 190 1.86 1.82
13 216 214 211 207 204 201 197 193 189 185 1.81
14 214 212 209 206 203 199 196 192 188 1.84 1.80
15 213 211 208 205 202 198 195 191 1.87 1.83 1.79
16 212 210 207 204 201 197 194 190 1.87 1.83 1.79
17 211 209 206 203 200 197 193 190 186 1.82 1.78
18 210 208 205 202 199 196 193 189 186 1.82 1.78
19 209 207 204 202 199 19 192 189 18 1.81 1.78
20 209 206 204 201 198 195 192 188 185 1.81 1.77
21 208 206 203 201 198 195 191 188 184 1.81 1.77
22 207 205 203 200 197 194 191 188 184 1.81 1.77
23 207 205 202 200 197 194 191 187 184 1.81 1.77
24 206 204 202 199 19 193 190 187 184 1.80 1.77
25 206 204 202 199 19 193 190 187 1.84 1.80 1.77
26 206 204 201 199 19 193 190 187 184 1.80 1.77
27 205 203 201 198 19 193 190 187 1.83 1.80 1.77
28 205 203 201 198 19 193 190 187 183 1.80 1.77
29 205 203 200 198 19 192 189 186 1.83 1.80 1.77
30 204 202 200 198 19 192 189 18 183 1.80 1.77
00 196 194 193 192 18 187 182 180 1.78 1.74 1.72
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T able 2c.

ot 99-quantiles for selected a-values

2 1.9 1.8 1.7 1.6 1.5 1.4 1.3 1.2 1.1 1.0

n

1 63.66 61.91 60.50 58.91 57.14 55.17 53.01 50.65 48.11 4537 42.45
2 992 958 932 905 87 844 809 770 728 6.82 6.33
3 0.84 569 556 544 531 5.17  5.02 486 468 449 4.29
4 4.60 450 441 432 423 413 4.02 391 379 3.66 3.53
5 403 395 387 379 371 362 353 343 333 323 3.12
6 3.71  3.63 356 348 341 332 324 315 3.06 296 286
7 350 343 336 329 321 313 3.0 297 288 2.79 2.69
8 336 329 322 315 3.08 3.00 292 284 275 267 257
9 325  3.19 312 305 298 290 283 275 266 258 249
10 3.17 311 3.04 298 291 283 276 268 2.60 252 243
11 3.11 3.05 298 292 285 278 270 263 255 247  2.38
12 3.00 3.00 294 287 280 2.73 266 259 251 243 235
13 3.01 29 290 283 277 270 263 256 248 240 2.32
14 298 292 286 280 274 267 260 253 246 238 230
15 295 289 284 278 271 265 258 251 244 236 2.29
16 292 287 281 275 269 263 256 249 242 235 2.28
17 290 28 279 273 267 2,61 255 248 241 234 2.27
18 288 283 277 272 266 260 253 247 240 233 2.26
19 28 281 276 270 264 258 252 246 239 232 2.26
20 28, 280 275 269 263 257 251 245 239 232 225
21 283 278 273 268 262 256 250 244 238 232 225
22 282 207 272 267 261 256 250 244 238 231 225
23 281 276 271 266 261 255 249 243 237 231 225
24 280 275 270 265 260 254 249 243 237 231 225
25 279 274 270 265 259 254 248 243 237 231 225
26 278 274 269 264 259 253 248 242 237 231 225
27 277 273 268 263 258 253 248 242 236 231 2.25
28 276 272 268 263 258 253 247 242 236 231 225
29 2,716 2772 267 262 257 252 247 242 236 231 2.25
30 2,75 271 266 262 257 252 247 242 236 231 225
00 258 250 247 244 243 236 233 228 225 218 211
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