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Abstract 

Financial institutions are required to incorporate a margin of conservatism for the gen-

eral estimation error (MoC C) into their probability of default (PD) estimates. This paper 

presents three key contributions to the quantification of MoC C. First, the European 

banking regulation allows financial institutions to choose between overlapping and non-

overlapping one-year default rates for calculating their calibration targets, i.e., their long 

run average default rates (LRADRs). When overlapping one-year default rates are used, 

it is crucial to account for temporal dependencies to accurately calculate MoC C. We 

provide a MoC C quantification for overlapping one-year default rates. Second, the Eu-

ropean Central Bank has established MoC C quantification at grade level rather than at 

calibration segment level as the standard. However, many financial institutions calculate 

their LRADRs at calibration segment level rather than at grade level. Therefore, we 

approximate the confidence level for MoC C quantification at grade level to achieve the 

same sum of risk weighted exposure amounts as the MoC C at calibration segment level. 

Third, we corroborate that the common practice of using the maximum likelihood esti-

mator of asset correlation on samples with varying PDs results in a downward bias. We 

compensate for this downward bias using a simulation approach. 

Keywords: asset correlation, credit risk, downward bias, margin of conservatism, default 

rates with overlapping one-year performance windows, simulation experiment. 
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1 Introduction 

Lending activities are a major source of risk for financial institutions. Therefore, preventing the 

underestimation of credit risk is vital for them (Aussenegg et al. 2011). To pre-empt underes-

timation of credit risk, the European banking regulation structures the probability of default 

(PD) estimation into two parts. First, financial institutions must accurately estimate the PDs of 

their obligors, resulting in the best estimate PDs. Second, Article 179 (1) (f) of the Capital 

Requirements Regulation
1
 (CRR) obliges financial institutions to “add to [their best] estimates 

a margin of conservatism” to arrive at conservative PD estimates. This margin of conservatism 

(MoC) is composed of three categories. While categories A and B address rather institution-

specific data, methodological, and representative issues, the nature of category C is much 

more general. 

This paper contributes threefold to the quantification of MoC C. First, Paragraph 80 of the EBA 

Guidelines on PD estimation, LGD Estimation and the Treatment of Defaulted Exposures
2
 

(EBA/GL/2017/16) allows financial institution to choose “between an approach based on over-

lapping and an approach based on non-overlapping one-year time windows” to calculate the 

calibration target level (i.e. the long run average default rate (LRADR)) for their PD estimates. 

The European Central Bank expects that financial institutions quantify the MoC C based on 

the distribution of the chosen LRADR (see Paragraph 210 (a) of the ECB Guide to Internal 

Models
3
 (EGIM)). While an emerging body of literature deals with the MoC C quantification in 

the case of default rates with non-overlapping one-year performance windows (hereafter re-

ferred to as non-overlapping one-year default rates) (Casellina et al. 2023; Lawrenz 2008; 

Rösch 2004; Scherer et al. 2023; Wosnitza 2025), MoC C quantification in the case of over-

lapping one-year default rates represents a research gap. We fill this research gap by deriving 

an equation for MoC C in the case of overlapping one-year default rates, explicitly incorporating 

the serial dependencies in monthly default counts. 

Paragraph 210 (a) of the EGIM has established MoC C quantification at grade level rather than 

at calibration segment level as the standard.
4
 However, many financial institutions calculate 

their calibration target levels (i.e. their LRADRs) at calibration segment level rather than at 

grade level. Therefore, we approximate the confidence level for MoC C quantification at grade 

level that results in the same sum of risk weighted exposure amounts (RWEAs) as the MoC C 

at calibration segment level for a given confidence level as a second contribution. To this end, 

we also explore the aggregation of best estimate PDs and MoC C at calibration segment level 

to derive conservative PDs. 

 
1
 European Parliament and Council 2013. 

2
 European Banking Authority 2017. 

3
 European Central Bank 2024. 

4
 While the calibration segment level aggregates all obligors across different grades for joint calibration, the grade 

level considers only those obligors assigned to a particular grade. 
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Third, there is a broad consensus in both the banking sector and the financial literature that 

the assumption of independent defaults is generally inappropriate for credit risk modelling pur-

poses (e.g. Huschens et al. (2005)). Wosnitza (2025) reveals that the intra-year dependency
5
 

of default events is also a key driver of MoC C. Although the question is still open (Wosnitza 

2023b), we believe that the European banking regulation allows financial institutions to esti-

mate these default dependencies themselves for the purpose of MoC C quantification
6
 rather 

than relying on the regulatory asset correlations defined in Article 153 1 (iii) and Article 154 1 

(ii) of the CRR. Financial institutions usually derive asset correlations from two kinds of data. 

If the required data are available, they use “the correlation between equity returns as a proxy 

for the correlation of asset returns” as suggested by RiskMetrics Group (1997). In many retail 

portfolios, however, the derivation of asset correlations from equity returns is either impossible 

or inadequate. In these cases, financial institutions fall back on time series of default rates to 

estimate asset correlations. For one thing, this makes the asset correlation estimates vulnera-

ble to structural breaks such as the introduction of a new bankruptcy code (Duellmann et al. 

2010). For another, previous literature revealed that correlation “estimates from default rates 

are typically downward biased” (e.g. Duellmann et al. (2010), Geidosch (2014)). More specifi-

cally, Wunderer (2019) studies the systematic error that financial institutions commit if the they 

incorrectly assume that the sample underlying the default rates is homogeneous with respect 

to PD. He finds that the downward bias is larger, the more spread out the PDs are within the 

estimation sample. Several financial institutions seek to counteract this downward bias by em-

ploying the upper endpoint of a certain confidence interval rather than the best estimate of the 

asset correlation. We corroborate the findings of Wunderer (2019) and reveal that the upper 

endpoints of standard confidence intervals are insufficient to compensate fully for the down-

ward bias. Therefore, we compensate for this downward bias using a simulation approach. 

The structure of the paper is as follows. Sections 2, 3, and 4 are devoted to the detailed expo-

sition of the three contributions, respectively. Section 5 concludes with a summary of the key 

results.  

 
5
 Please note that several terms are used to describe default dependency. This paper employs the terms “default 

correlation” and “asset correlation”. While asset correlation reflects the dependency between the solvency variables 
of two individual obligors, default correlation captures the dependency between the default events of those same 
obligors (Huschens et al. (2005)). We can convert asset correlation into default correlation using the equation pre-
sented at the top of p. 333 in Bluhm et al. (2010) or Equation (19) of Huschens et al. (2005). 
6
 Financial institutions also estimate asset correlations as part of the second pillar of the Basel Capital Accord. 
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2 MoC C quantification for overlapping one-year default rates 

This section quantifies the MoC C in the context of overlapping one-year default rates, explicitly 

accounting for serial dependencies in monthly default counts. To achieve this, we first intro-

duce two key assumptions and subsequently calculate the long run average default rate 

(LRADR). Building on this foundation, we derive the variance of the LRADR and then apply a 

Central Limit Theorem to demonstrate that the LRADR converges to a normal distribution, 

even when one-year default rates overlap. The mean and variance together fully characterize 

this normal distribution. For completeness, Appendix A shows that our methodology is con-

sistent with the European Central Bank’s expectation that “the shorter the time series are, the 

higher the MoC [C] of the grade should be”. 

Let the random variable 𝐷𝑡 denote the number of defaults that occur in month 𝑡. The first as-

sumption is that the random variables 𝐷𝑡 with 𝑡 = 1,2,… , 𝑇 − 1, 𝑇 are identically distributed. The 

deterministic variable 𝑁𝑡 stands for the number of non-defaulted obligors at the beginning of 

period 𝑡. The difference between the number of non-defaulted obligors at the beginning of two 

consecutive periods 𝑡 − 1 and 𝑡 is equal to the difference between the number of new obligors 

Δ𝑡−1, the number of defaulted obligors 𝐷𝑡−1, and the number of paid-off obligors 𝛿𝑡−1 in period 

𝑡 − 1: 

𝑁𝑡 −𝑁𝑡−1 = Δ𝑡−1 − 𝐷𝑡−1 − 𝛿𝑡−1 (1)  

The second assumption is that the number of non-defaulted obligors at the beginning of each 

month 𝑡 is constant over time, i.e. 𝑁𝑡 = 𝑁1 for all 𝑡 ∈ {2,… , 𝑇}. In other words, the number of 

new obligors Δ𝑡 in period 𝑡 compensates the sum of defaults 𝐷𝑡 and paid-off obligors 𝛿𝑡 in 

period 𝑡, i.e. Δ𝑡 = 𝐷𝑡 + 𝛿𝑡 for all 𝑡. Based on these two assumptions, we can express the one-

year default rate of month 𝑡 as follows: 

𝐷𝑅𝑡 =
1

𝑁1
⋅∑𝐷𝑡+𝜏

11

𝜏=0

. (2)  

To calculate the calibration target, i.e. the long run average default rate (LRADR), we average 

the overlapping one-year default rates in the next step. 𝑇 stands for the length of the historical 

observation period in months and the detailed derivation can be found in Appendix B: 

1

𝑇
⋅∑𝐷𝑅𝑡

𝑇

𝑡=1

= ∑
𝑎𝑡

√𝑇
⋅ 𝐷𝑡

𝑇+11

𝑡=1

, (3)   

where 𝑎𝑡 =

{
 
 

 
 

𝑡

√𝑇⋅𝑁1
 for 1 ≤ 𝑡 ≤ 11

12

√𝑇⋅𝑁1
 for 12 ≤ 𝑡 ≤ 𝑇

(𝑇+11)−(𝑡−1)

√𝑇⋅𝑁1
 for 𝑇 + 1 ≤ 𝑡 ≤ 𝑇 + 11

. Please note that the MoC C quantification ap-

proach in this paper is based on a slightly different default rate definition than the definition 

given in Paragraph 73 (b) of EBA/GL2017/16. Paragraph 73 (b) stipulates 
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• “that the denominator [of the one-year default rate] consists of the number of non-de-

faulted obligors with any credit obligation observed at the beginning of the one-year 

observation period” and 

• “that the numerator [of the one-year default rate] includes all those obligors considered 

in the denominator that had at least one default event during the one-year observation 

period.” 

In contrast, the default rate definition applied in Equation (3) does not only count the default 

events of those obligors with any credit obligation observed at the beginning of the one-year 

observation period. In fact, the numerator also counts default events of obligors that enter the 

portfolio after the beginning of the one-year observation period and default within this one-year 

period. We can think of the number of “extra defaults” as an additional random variable. Under 

the assumption that the number of “extra defaults” is not negatively correlated with the number 

of “regulatory defaults”, Equation (4) will overestimate the true variance of the LRADR. 

We now present an approximate expression for the variance of the LRADR in the case of 

overlapping one-year default rates, based on Equation (3). For a detailed derivation, see Ap-

pendix C: 

𝕍 [
1

𝑇
⋅∑𝐷𝑅𝑡

𝑇

𝑡=1

] ≈
1

𝑇
⋅ (
12

𝑁1
)
2

⋅ (𝕍[𝐷𝑡] + 2 ⋅∑ℂ𝕠𝕧[𝐷𝑡 , 𝐷𝑡−𝛥]

𝑇

𝛥=1

). (4)  

This approximation is accurate when 𝑇 is much greater than 
143+3⋅𝛥

36
.  

Having established an approximate expression for the variance of the LRADR, our considera-

tion now turns to its asymptotic distribution. For this purpose, we assume that the sequence 

{𝐷𝑅𝑡}1≤𝑡≤𝑇 is stationary
7
 and mixing

8
, and satisfies the following conditions, together with an 

additional technical requirement: 

• 𝔼[𝐷𝑅𝑡] < ∞, 

• 𝕍[𝐷𝑅𝑡] < ∞, and 

• lim
𝑇→∞

{𝑇 ⋅ 𝕍 [
1

𝑇
⋅ ∑ 𝐷𝑅𝑡

𝑇
𝑡=1 ]} =

Eq.  (4)
(
12

𝑁1
)
2

⋅ (𝕍[𝐷𝑡] + 2 ⋅ ∑ ℂ𝕠𝕧[𝐷𝑡, 𝐷𝑡−𝛥]
𝑇
𝛥=1 ) = 𝑉 < ∞. 

Under these assumptions, a Central Limit Theorem applies to the LRADR: 

∑ 𝐷𝑅𝑡
𝑇
𝑡=1 − 𝑇 ⋅ 𝔼[𝐷𝑅𝑡]

√𝑇 ⋅ 𝑉
→
𝑑
𝑍, 

where →
𝑑

 indicates convergence in distribution and 𝑍 is a standard normal random variable.  

 
7
 A sequence of random variables is stationary if the joint distribution of any set of adjacent terms is invariant under 

shifts in their position within the sequence. 
8
 A sequence is mixing if the dependence between any two groups of terms diminishes as the groups become more 

widely separated, so that distant groups are nearly independent. 



 

5 
 

3 Harmonizing MoC C between calibration segment level and 
grade level 

On the one hand, Paragraph 210 (a) of the EGIM establishes MoC C quantification at grade 

level as the standard, rather than at calibration segment level. On the other hand, many finan-

cial institutions calculate their calibration target levels (i.e. their LRADRs) at calibration seg-

ment level rather than at grade level. Therefore, the objective of this section is to approximate 

the confidence level for MoC C quantification at grade level that results in the same sum of risk 

weighted exposure amounts (RWEAs) as the MoC C at calibration segment level, associated 

with a specific confidence level. In summary, we need to multiply the MoCs C at grade level 

by the ratio of the variance of the default rate at calibration segment level divided by a weighted 

average of the variances of the default rates at grade level to achieve this equality. As the 

weights do not necessarily sum to one, we refer to this average as non-normalized weighted 

average. 

We begin with the equation for the RWEAs for retail exposures as outlined in Article 154 of the 

CRR.9 In this section, we calculate conservative PDs in two different ways. The first approach 

involves breaking down the MoC C at calibration segment level to the individual grades, spe-

cifically using 𝑃𝐷𝑘 +
𝑃𝐷𝑘

𝐿𝑅𝐴𝐷𝑅

⏞  
=𝛽𝑘

⋅ 𝑀𝑜𝐶. Appendix E provides a detailed derivation of this approach. 

Alternatively, we apply a grade level-specific MoC C, which may have a different confidence 

level than the MoC C at calibration segment level, and incorporate it into the grade level PD 

using 𝑃𝐷𝑘 + α ⋅ 𝑀𝑜𝐶𝑘. In order to address both cases simultaneously, we input the synthesized 

yet more general conservative PDs 𝑃𝐷𝑘 + 𝛼 ⋅
𝑃𝐷𝑘

𝐿𝑅𝐴𝐷𝑅

⏞  
=𝛽𝑘

⋅ 𝑀𝑜𝐶𝑘 into the equation for the RWEAs. 

Furthermore, we substitute 𝑎𝑘 = √𝑅(𝑃𝐷𝑘) ⋅ Φ
−1(99.9%), 𝑏𝑘 = √1 − 𝑅(𝑃𝐷𝑘), 𝛽𝑘 =

𝑃𝐷𝑘

𝐿𝑅𝐴𝐷𝑅
, and 

𝑐𝑖𝑘 = 12.5 ⋅ 1.06 ⋅ 𝐸𝐴𝐷𝑖𝑘 ⋅ 𝐿𝐺𝐷𝑖𝑘 in order to simplify notation. The index 𝑘 refers to rating class 

𝑘 and 𝑖𝑘 stands for obligor 𝑖 in rating class 𝑘:

 
9
 The mathematical derivation for non-retail exposures proceeds analogously. However, we expand the equation 

for risk weights using a Taylor series around 𝑀𝑜𝐶𝑘 = 0. According to Paragraph 210 (a) of the EGIM, the ECB 
expects that a higher number of observations per grade should result in a lower MoC for that grade. Consequently, 
we consider this Taylor approximation to be most appropriate for retail portfolios. 
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𝑅𝑊𝐸𝐴(𝑀𝑜𝐶𝑘) = 12.5 ⋅ 1.06 ⋅ 𝐸𝐴𝐷𝑖𝑘 ⋅ 𝐿𝐺𝐷𝑖𝑘⏟                
=𝑐𝑖𝑘

⋅

{
 
 
 

 
 
 

Φ

[
 
 
 
 
 
 
 
Φ−1(𝑃𝐷𝑘 + 𝛼 ⋅

𝑃𝐷𝑘
𝐿𝑅𝐴𝐷𝑅

⏞    

=𝛽𝑘

⋅ 𝑀𝑜𝐶𝑘) + √𝑅(𝑃𝐷𝑘) ⋅ Φ
−1(99.9%)

⏞                

=𝑎𝑘

√1 − 𝑅(𝑃𝐷𝑘)⏟        
=𝑏𝑘

]
 
 
 
 
 
 
 

−

(

 𝑃𝐷𝑘 + 𝛼 ⋅
𝑃𝐷𝑘
𝐿𝑅𝐴𝐷𝑅

⏞    
=𝛽𝑘

⋅ 𝑀𝑜𝐶𝑘

)

 

}
 
 
 

 
 
 

 (5)  

Our objective is to determine the scaling factor 𝛼, which ensures that the MoC C at grade level yields a sum of RWEAs closely matching the sum 

produced by the MoC C at calibration segment level, i.e. 

∑{Φ[
Φ−1(𝑃𝐷𝑘 + 𝛽𝑘 ⋅ 𝑀𝑜𝐶) + 𝑎𝑘

𝑏𝑘
] − (𝑃𝐷𝑘 + 𝛽𝑘 ⋅ 𝑀𝑜𝐶)} ⋅ 𝐶𝑘

𝑘

=
!
∑{Φ[

Φ−1(𝑃𝐷𝑘 + 𝛼 ⋅ 𝑀𝑜𝐶𝑘) + 𝑎𝑘
𝑏𝑘

] − (𝑃𝐷𝑘 + 𝛼 ⋅ 𝑀𝑜𝐶𝑘)} ⋅ 𝐶𝑘
𝑘

, (6)  

where we substitute the sum ∑ 𝑐𝑖𝑘𝑖𝑘  with the symbol 𝐶𝑘. While we apply the aggregation methodology developed in Appendix E to break down the 

MoC C at calibration segment level to the individual grades on the left-hand side, we simply add the MoC C at grade level to the best estimate PD 

at grade level on the right-hand side. In the next step, we linearize this optimization problem. More specifically, we expand the function 𝑅𝑊𝐸𝐴(𝑀𝑜𝐶𝑘) 

in a Taylor Series around 𝑀𝑜𝐶𝑘 = 0 up to the first order. To this end, we differentiate 𝑅𝑊𝐸𝐴(𝑀𝑜𝐶𝑘) with respect to 𝑀𝑜𝐶𝑘 using the chain rule; a 

comprehensive derivation is provided in Appendix F:  

𝜕

𝜕𝑀𝑜𝐶𝑘
𝑅𝑊𝐸𝐴(𝑀𝑜𝐶𝑘) =

𝛼 ⋅ 𝛽𝑘
𝑏𝑘

⋅ 𝐶𝑘 ⋅ {exp {−
1

2
⋅
1 − 𝑏𝑘

2

𝑏𝑘
2 ⋅ (𝑥𝑘 +

𝑎𝑘

1 − 𝑏𝑘
2)

2

+
𝑎𝑘
2

2 ⋅ (1 − 𝑏𝑘
2)
} − 𝑏𝑘}, (7)  

In the following, we resubstitute 𝑎𝑘 = √𝑅(𝑃𝐷𝑘) ⋅ Φ
−1(99.9%), 𝑏𝑘 = √1 − 𝑅(𝑃𝐷𝑘), 𝛽𝑘 =

𝑃𝐷𝑘

𝐿𝑅𝐴𝐷𝑅
 and 𝑥𝑘 = Φ

−1(𝑃𝐷𝑘 + 𝛼 ⋅
𝑃𝐷𝑘

𝐿𝑅𝐴𝐷𝑅

⏞  
=𝛽𝑘

⋅ 𝑀𝑜𝐶𝑘). The detailed 

steps of this substitution are provided in Appendix G; the resulting expression for 𝑀𝑜𝑐𝑘 = 0 is: 
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𝜕

𝜕𝑀𝑜𝐶𝑘
𝑅𝑊𝐸𝐴(𝑀𝑜𝐶𝑘)|

𝑀𝑜𝑐𝑘=0

=
α ⋅

𝑃𝐷𝑘
𝐿𝑅𝐴𝐷𝑅

√1 − 𝑅(𝑃𝐷𝑘)
⋅ 𝐶𝑘 ⋅ [exp {−

1

2
⋅
𝑅(𝑃𝐷𝑘)

1 − 𝑅(𝑃𝐷𝑘)
⋅ (Φ−1(𝑃𝐷𝑘) +

Φ−1(99.9%)

√𝑅(𝑃𝐷𝑘)
)

2

+
Φ−1(99.9%)2

2
} − √1 − 𝑅(𝑃𝐷𝑘)]. (8)  

We proceed by linearizing 𝑅𝑊𝐸𝐴(𝑀𝑜𝐶) on the left-hand side and 𝑅𝑊𝐸𝐴(𝑀𝑜𝐶𝑘) on the right-hand side of Equation (6) as follows. All details of this 

linearization can be found in Appendix H: 

⇔𝑀𝑜𝐶 ⋅∑

𝑃𝐷𝑘
𝐿𝑅𝐴𝐷𝑅

√1 − 𝑅(𝑃𝐷𝑘)
⋅ 𝐶𝑘 ⋅ {exp {−

1

2
⋅
𝑅(𝑃𝐷𝑘)

1 − 𝑅(𝑃𝐷𝑘)
⋅ (Φ−1(𝑃𝐷𝑘) +

Φ−1(99.9%)

√𝑅(𝑃𝐷𝑘)
)

2

+
Φ−1(99.9%)2

2
} − √1 − 𝑅(𝑃𝐷𝑘)}

⏞                                                                        

=
𝑃𝐷𝑘
𝐿𝑅𝐴𝐷𝑅

⋅𝑤𝑘

𝑘

≈ 𝛼 ⋅∑
1

√1 − 𝑅(𝑃𝐷𝑘)
⋅ 𝐶𝑘 ⋅ {exp {−

1

2
⋅
𝑅(𝑃𝐷𝑘)

1 − 𝑅(𝑃𝐷𝑘)
⋅ (Φ−1(𝑃𝐷𝑘) +

Φ−1(99.9%)

√𝑅(𝑃𝐷𝑘)
)

2

+
Φ−1(99.9%)2

2
} − √1 − 𝑅(𝑃𝐷𝑘)}

⏟                                                                        
=𝑤𝑘

⋅ 𝑀𝑜𝐶𝑘
𝑘

 

(9)  

Based on this approximation, we subsequently determine the scaling factor 𝛼 as follows: 

𝛼 ≈

𝑀𝑜𝐶
𝐿𝑅𝐴𝐷𝑅

∑
𝑤𝑘

∑ 𝑃𝐷𝑘′ ⋅ 𝑤𝑘′𝑘′
⋅ 𝑀𝑜𝐶𝑘𝑘

. (10)  
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Assuming a sufficiently large number of obligors, a standard MoC C quantification approach 

involves multiplying the standard deviation of the one-year default rate by a quantile factor and 

then dividing this product by the square root of the length of the historical observation period. 

Following this standard MoC C quantification approach, the quantile factors in the numerator 

and denominator at the end of Equation (H.1) cancel each other out, resulting in the following 

expression for 𝛼: 

⇒ 𝛼 ≈

√𝕍𝕒𝕣(𝐷𝑅)

√𝑇𝐶𝑆𝐿 ⋅ 𝐿𝑅𝐴𝐷𝑅

∑
𝑤𝑘

∑ 𝑃𝐷𝑘′ ⋅ 𝑤𝑘′𝑘′
⋅
√𝕍𝕒𝕣(𝐷𝑅𝑘)

√𝑇𝐺𝐿𝑘  
𝑘

 (11)  

where 

• 𝕍𝕒𝕣(𝐷𝑅) denotes the variance of the default rate of the entire calibration segment, 

• 𝕍𝕒𝕣(𝐷𝑅𝑘) stands for the variance of the default rate of grade 𝑘, 

• 𝑇𝐶𝑆𝐿 is the number of observations used for the estimation of the variance of the default 

rate at calibration segment level, i.e. 𝕍𝕒𝕣(𝐷𝑅), and 

• 𝑇𝐺𝐿𝑘 labels the number of observations used for the estimation of the variance of the 

default rate at grade level, i.e. 𝕍𝕒𝕣(𝐷𝑅𝑘). 

For example, financial institutions can apply Equation (23) of Rösch (2004) in order to estimate 

𝕍𝕒𝕣(𝐷𝑅) and Equation (7) of Wosnitza (2025) in order to estimate 𝕍𝕒𝕣(𝐷𝑅𝑘). The product of 

𝛼 and the original quantile factor yields the new quantile factor. This new quantile factor en-

sures that the sum of RWEAs calculated using MoC C at grade level is approximately equal to 

the sum using MoC C at calibration segment level. If the numbers of observations used for the 

estimation of the variances are equal, i.e. 𝑇𝐺𝐿𝑘 = 𝑇𝐶𝑆𝐿, then Equation (11) simplifies as follows: 

⇒ 𝛼 ≈

√𝕍𝕒𝕣(𝐷𝑅)
𝐿𝑅𝐴𝐷𝑅

∑
𝑤𝑘

∑ 𝑃𝐷𝑘′ ⋅ 𝑤𝑘′𝑘′
⋅ √𝕍𝕒𝕣(𝐷𝑅𝑘)𝑘

 (12)  

In summary, we need to multiply the MoCs C at grade level by the ratio of the variance of the 

default rate at calibration segment level divided by a non-normalized weighted average of the 

variances of the default rates at grade level to achieve this equality. However, the weights do 

not necessarily sum to one. If this approximation of alpha is too crude, it can serve at least as 

an initial value for solving the exact Equation (6) using numerical methods.  
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4 Compensating the downward bias inherent in maximum likeli-
hood estimates of asset correlations 

Wunderer (2019) explores the systematic error arising from the incorrect assumption that the 

estimation sample for asset correlation is homogeneous with respect to PD. The author 

demonstrates that financial institutions often underestimate asset correlation when estimating 

this parameter from samples with heterogenous PDs. Furthermore, he reveals that the extent 

of this downward bias increases as the variability of PDs within the estimation sample rises. 

The objective of this section is to compensate for the downward bias inherent in maximum 

likelihood estimates of asset correlations derived from default rates. To achieve this, we first 

introduce the maximum likelihood estimator proposed by Düllmann and Trapp (2004) and ex-

amine the factors contributing to its downward bias in Subsection 4.1. In Subsection 4.2, we 

outline a widely used approach for calculating confidence intervals for the maximum likelihood 

estimator of asset correlation. Subsequently, in Subsection 4.3, we utilize the framework es-

tablished by Wosnitza (2023a) to simulate time series of default rates for portfolios comprising 

a finite number of obligors with varying credit quality. To enhance the generality of our results, 

we generate time series of default rates for several combinations of asset correlation, discrim-

inatory power, and unconditional PD, leading to two key findings. First, our results indicate that 

discriminatory power significantly contributes to the downward bias, consistent with the find-

ings of Wunderer (2019). Second, we establish that conventional confidence bands, such as 

those at the 95% or 99% confidence levels, are inadequate for addressing this downward bias. 

Instead, we propose adjustment factors that fully compensate for the downward bias. To this 

end, we estimate the asset correlation from the synthetic time series of default rates for each 

combination of asset correlation, discriminatory power, and unconditional PD. Subsequently, 

we calculate the ratio of the true specified asset correlation divided by the estimated asset 

correlation. 

4.1. Maximum likelihood estimator of asset correlation and reasons behind 
its downward bias 

Düllmann and Trapp (2004) express the asset correlation as a function of the variance of trans-

formed non-overlapping one-year default rates (DRs): 

𝜌 =
𝕍[Φ−1(𝐷𝑅𝑡)]

1 + 𝕍[Φ−1(𝐷𝑅𝑡)]
 (13)  

where 

• 𝜌 denotes the asset correlation between any two distinct obligors in the respective port-

folio and 

• Φ−1 stands for the inverse of the standard normal cumulative distribution function. 

Financial institutions often employ this maximum likelihood estimator to derive asset correla-

tions from time series of default rates. To this end, they estimate the variance of the trans-

formed default rates using the sample variance and substitute this sample variance for 

𝕍[Φ−1(𝐷𝑅𝑡)] into Equation (13). In order to demonstrate that the asset correlation is a strictly 
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monotonically increasing function of 𝕍[Φ−1(𝐷𝑅𝑡)], we first substitute 𝕍[Φ−1(𝐷𝑅𝑡)] with 𝑥 and 

then we differentiate the right-hand side of Equation (13) with respect to 𝑥: 

𝜕

𝜕𝑥
𝜌 =

𝜕

𝜕𝑥

𝑥

1 + 𝑥
=
(1 + 𝑥) − 𝑥

(1 + 𝑥)2
=

1

(1 + 𝑥)2
> 0. (14)  

Although maximum likelihood estimators are asymptotically unbiased, previous literature re-

vealed that asset correlation “estimates from default rates are typically downward biased” (e.g. 

Duellmann et al. (2010), Geidosch (2014)). The first reason for this downward bias is that time 

series of DRs must be sufficiently long to fully exploit the advantages of maximum likelihood 

estimators. In real-world applications, the number of years 𝑇 in the historical observation period 

hardly exceeds the value of 30. Indeed, Article 180 (1) (h) and (2) (e) of the CRR stipulate that 

the length of the historical observation period underlying the estimation of PDs (resp. of loss 

characteristics) shall be at least five years (for at least one source). Moreover, Paragraph 82 

of the EBA/GL/2017/16 requires that “additional observations to the most recent 5 years, at 

the time of model calibration, should be considered relevant when these observations are re-

quired in order for the historical observation period to reflect the likely range of variability of 

default rates of that type of exposures […].” With such a short historical observation period, 

the asymptotic properties of the MLEs do not yet fully develop. 

Furthermore, the derivation by Düllmann and Trapp (2004) is based on a stylized credit port-

folio, specifically one that consists of an infinite number of obligors with equal PDs. However, 

the rating grades at the extremes of the rating distribution typically contain too few obligors to 

accurately estimate default correlation for each rating grade. To better align with the assump-

tion of an infinite number of obligors, banks often aggregate obligors from different rating 

grades. However, this practice contravenes the assumption of a homogeneous estimation 

sample with regard to PD. Subsection 4.3 confirms that the violation of the assumption of equal 

PDs constitutes the second reason for the downward bias observed in the maximum likelihood 

estimator of asset correlation. 

4.2. Confidence interval for maximum likelihood estimator of asset correla-
tion 

In this subsection, we first present the methodology proposed by Höse and Huschens (2010) 

to construct confidence intervals for the true asset correlation, based on a specified confidence 

level. Second, we utilize the upper endpoint of this confidence interval as a conservative esti-

mate of the true unknown asset correlation. As previously mentioned in Subsection 4.1, the 

standard procedure for estimating asset correlations from Equation (13) involves substituting 

the variance of the transformed default rates 𝕍[Φ−1(𝐷𝑅𝑡)] with its sample variance 𝑠2. Accord-

ing to Equation (14), the asset correlation is a strictly monotonically increasing function of 

𝕍[Φ−1(𝐷𝑅𝑡)]. Therefore, we can derive a conservative estimate of the asset correlation by 

substituting the sample variance with its upper bound. 

It is a well-established fact that the sample variance derived from 𝑇 independent normally dis-

tributed observations, when scaled by 
𝑇−1

𝜎2
, follows a chi-squared distribution with 𝑇 − 1 de-

grees of freedom. By substituting the variance of the transformed default rates in Equation (13) 



 

11 
 

with the upper endpoint of the two-sided (1 − 𝛼)-confidence interval for the sample variance, 

given by 
(𝑇−1)∙𝑠2

𝜒
𝑇−1,

𝛼
2

2 , we obtain the following conservative estimate for the asset correlation: 

𝜌̂conservative =

(𝑇 − 1) ∙ 𝑠2

𝜒
𝑇−1,

𝛼
2

2

1 +
(𝑇 − 1) ∙ 𝑠2

𝜒
𝑇−1,

𝛼
2

2

∙

𝜒
𝑇−1,

𝛼
2

2

1
𝜒
𝑇−1,

𝛼
2

2

1

=
(𝑇 − 1) ∙ 𝑠2

(𝑇 − 1) ∙ 𝑠2 + 𝜒
𝑇−1,

𝛼
2

2 . (15)  

4.3. Measuring the downward bias of asset correlation from synthetic time 
series of default rates 

As we cannot directly observe realizations of asset correlations, comparing realized asset cor-

relations with their estimates is not feasible. Consequently, in this subsection, we design and 

conduct a simulation experiment using synthetic time series of default rates, with three primary 

objectives. First, we seek to validate the findings of Wunderer (2019), which suggest that vio-

lating the assumption of equal PDs leads to a downward bias in the estimation of asset corre-

lation. Second, the simulation experiment demonstrates that conventional confidence bands, 

such as those at the 95% or 99% confidence level, are inadequate for mitigating this bias. 

Finally, we introduce adjustment factors that fully compensate for this downward bias as a third 

innovation. 

The following outlines our simulation environment for estimating asset correlations from syn-

thetic time series of default rates spanning 𝑇 consecutive one-year periods in four distinct 

steps. Given that a historical observation period of 20 years includes the late-2000s financial 

crisis, we set 𝑇 =  20 for this section. In the first step, we define the values of the three key 

parameters as follows: 

• The asset correlation varies from 0% to 30% in increments of 2.5%, thereby encom-

passing and slightly extending the range of values set out in Article 153 and Article 154 

of the CRR. 

• The unconditional PD ranges from 0.5% to 8%, doubling with each increment. The 

exclusion of unconditional PDs below 0.5% is consistent with EBA/GL/2017/16 (p. 18), 

which states that portfolios with very low default rates may require alternative ap-

proaches for MoC C quantification to avoid disproportionate conservatism. 

• The preliminary (theoretical) discriminatory power, measured by the AUROC, ranges 

from 0.5 to 0.975 in increments of 0.025, reflecting the broad spectrum of discriminatory 

power observed in practice. This parameter represents the AUROC before accounting 

for asset correlation. Since both randomness and asset correlation affect discriminatory 

power, we analyzed the estimated asset correlation as a function of the final (empirical) 

AUROC and the true asset correlation for different unconditional PDs. The final (em-

pirical) AUROC was defined in three ways: 

o as the average of the AUROC values calculated separately for each year within 

the 20-year historical observation period, 
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o as the median of the AUROC values calculated separately for each year within 

the 20-year period, and 

o as the AUROC calculated from the pooled credit scores and default statuses 

over the entire 20-year period. 

All of these figures are qualitatively very similar to those based on the preliminary (the-

oretical) discriminatory power. For completeness, we have shifted the figures to the 

Appendix J for the interested reader.  

After defining these three-tuples, we adhere to the simulation framework established by 

Wosnitza (2023a) to generate synthetic time series of default rates for each tuple in the second 

step. Specifically, we construct two normal distributions. The first represents the distribution of 

credit scores for defaults, while the second corresponds to the distribution of credit scores for 

non-defaults. The variance of both normal distributions is set to one, and the negative mean 

of the credit score distribution for defaults is equal to the mean of the credit score distribution 

for non-defaults. These distributional assumptions indicate that obligors with low credit quality 

tend to have lower credit scores than those with high credit quality. Following Equation (3.14) 

from Tasche (2010), we select the mean of the credit score distribution for non-defaults to align 

with the specified AUROC. The AUROC measures the ability of a PD model to discriminate 

between future defaults and non-defaults; a value of one-half indicates no discriminatory 

power, while a value of one signifies perfect discrimination.
10

 From these two normal distribu-

tions, we randomly sample credit scores of defaults and non-defaults, respectively. 

We convert these credit scores into individual PDs for the obligors using a logistic regression 

model. Within the context of the two normal distributions, the logistic regression model provides 

the PDs of the obligors as Wosnitza (2023a) explains. We then use these obligor-specific PDs 

to simulate the default rate of the portfolio within the framework of the credit portfolio model of 

Vasicek (1987). The simulation begins with the generation of asset values which involves draw-

ing an independent standard normally distributed systematic factor, 𝑌𝑡, as well as independent 

standard normally distributed idiosyncratic factors, 𝜀𝑡,𝑘, for all obligors 𝑘 ∈ {1,… , 𝑛}. We set 𝑛 =

10,000 for the purpose of this section. These idiosyncratic factors are also independent of the 

systematic factor. The asset value 𝐴𝑘,𝑡 of obligor 𝑘 is calculated as a weighted sum of the 

systematic factor and the idiosyncratic factor, with the asset correlation determining the 

weights. More specifically, we perform 100 independent random draws for the systematic fac-

tor and the idiosyncratic factors, rather than relying on a single draw. This approach reduces 

the dependency of the results on any random seed, thereby enhancing robustness and relia-

bility. 

If the asset value of an obligor is below his individual default threshold Φ−1(𝑃𝐷𝑘) at the end of 

the designated risk horizon (typically one year), we classify this obligor as having defaulted. 

Situations in which the asset value breaches the default threshold prior to the end of the risk 

horizon, but the obligor subsequently “cures” before the risk horizon concludes, are not con-

sidered defaults. The total number of default events constitutes the numerator, 𝑑(𝑡), for the 

portfolio’s default rate. If 𝑛(𝑡) represents the number of obligors at the beginning of period 𝑡, 

 
10

 Furthermore, lower discriminatory power results in greater variability of the default rates. 
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then the default rate is calculated as 
𝑑(𝑡)

𝑛(𝑡)
. We repeat these steps to generate time series of 

default rates of specified length. 

In the third step, we employ the maximum likelihood estimator from Equation (8) of Düllmann 

and Trapp (2004) to estimate the asset correlation based on these synthetic time series of 

default rates. A key advantage of this simulation design is that we know the true value of the 

asset correlation from the outset. This allows us to accurately measure the estimation error by 

comparing the known true asset correlations with their estimates. 

The following figures illustrate the difference between the predefined asset correlation and the 

mean estimated asset correlation across 100 random draws of the systematic factor and the 

idiosyncratic factors, as a function of discriminatory power and predefined asset correlation for 

several unconditional PDs.11 These figures demonstrate that asset correlations derived from 

time series of default rates (represented by the dark grey surface) tend to underestimate the 

predefined asset correlations (depicted by the light grey surface). Notably, the downward bias 

intensifies with higher AUROC values and greater asset correlations. This observation con-

sistently holds across all unconditional PDs investigated. Consequently, our results suggest 

that financial institutions should calibrate their corrections on a case-by-case basis to effec-

tively address this underestimation. 

Financial institutions seek to mitigate this downward bias by utilizing the upper endpoint of a 

specific confidence interval rather than relying on the best estimate of the asset correlation. 

Specifically, they typically employ Equation (15) to calculate this upper endpoint. We examine 

the level of confidence required to offset the downward bias. Our findings indicate that con-

ventional confidence bands, such as those at the 95% or 99% confidence level, do not fully 

mitigate this downward bias. Therefore, we propose using the ratio of the predefined values of 

the asset correlation (i.e. the values represented by the light grey surface) to the estimated 

asset correlation values (i.e. the values represented by the dark grey surface) as correction 

factors. These adjustment factors are tailored to the following variables: discriminatory power, 

asset correlation, unconditional PD, number of obligors, and length of the historical observation 

period.  

 
11 Please note that Appendix I presents the difference between the predefined asset correlation and the median 
estimated asset correlation across the 100 random draws of the systematic factor and the idiosyncratic factors for 
the same unconditional PDs. 
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Figure 1: Comparison of theoretical (light grey surface) and average estimated (dark grey surface) asset 

correlation across 100 random draws of the systematic and idiosyncratic factors, shown as a function of 

the preliminary (theoretical) discriminatory power (measured by the AUROC) and predefined asset cor-

relation. The unconditional PD is set to 0.5%. The figure illustrates that asset correlations estimated 

from time series of default rates (dark grey surface) tend to underestimate the predefined asset corre-

lation (light grey surface). The extent of underestimation of the asset correlation varies with the prelimi-

nary (theoretical) discriminatory power (AUROC) and the true predefined asset correlation.  
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Figure 2: Comparison of theoretical (light grey surface) and average estimated (dark grey surface) asset 

correlation across 100 random draws of the systematic and idiosyncratic factors, shown as a function of 

the preliminary (theoretical) discriminatory power (measured by the AUROC) and predefined asset cor-

relation. The unconditional PD is set to 1.0%. The figure illustrates that asset correlations estimated 

from time series of default rates (dark grey surface) tend to underestimate the predefined asset corre-

lation (light grey surface). The extent of underestimation of the asset correlation varies with the prelimi-

nary (theoretical) discriminatory power (AUROC) and the true predefined asset correlation.  
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Figure 3: Comparison of theoretical (light grey surface) and average estimated (dark grey surface) asset 

correlation across 100 random draws of the systematic and idiosyncratic factors, shown as a function of 

the preliminary (theoretical) discriminatory power (measured by the AUROC) and predefined asset cor-

relation. The unconditional PD is set to 2.0%. The figure illustrates that asset correlations estimated 

from time series of default rates (dark grey surface) tend to underestimate the predefined asset corre-

lation (light grey surface). The extent of underestimation of the asset correlation varies with the prelimi-

nary (theoretical) discriminatory power (AUROC) and the true predefined asset correlation.  
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Figure 4: Comparison of theoretical (light grey surface) and average estimated (dark grey surface) asset 

correlation across 100 random draws of the systematic and idiosyncratic factors, shown as a function of 

the preliminary (theoretical) discriminatory power (measured by the AUROC) and predefined asset cor-

relation. The unconditional PD is set to 4.0%. The figure illustrates that asset correlations estimated 

from time series of default rates (dark grey surface) tend to underestimate the predefined asset corre-

lation (light grey surface). The extent of underestimation of the asset correlation varies with the prelimi-

nary (theoretical) discriminatory power (AUROC) and the true predefined asset correlation.  



 

18 
 

Figure 5: Comparison of theoretical (light grey surface) and average estimated (dark grey surface) asset 

correlation across 100 random draws of the systematic and idiosyncratic factors, shown as a function of 

the preliminary (theoretical) discriminatory power (measured by the AUROC) and predefined asset cor-

relation. The unconditional PD is set to 8.0%. The figure illustrates that asset correlations estimated 

from time series of default rates (dark grey surface) tend to underestimate the predefined asset corre-

lation (light grey surface). The extent of underestimation of the asset correlation varies with the prelimi-

nary (theoretical) discriminatory power (AUROC) and the true predefined asset correlation. 
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5 Conclusion 

The European banking regulation allows financial institutions to calculate the LRADR using 

either overlapping or non-overlapping one-year default rates. While existing literature ad-

dresses MoC C quantification for non-overlapping one-year default rates, a research gap per-

sists regarding overlapping one-year default rates. This paper fills this gap by deriving a for-

mula for the variance of the LRADR that explicitly incorporates dependencies between monthly 

default counts. This formula provides model developers with a means to quantify MoC C in the 

case of overlapping one-year default rates. In addition, banking supervisors can use this ap-

proach to challenge and assess MoC C quantification levels in this context, thereby supporting 

a more rigorous supervisory review. 

An important limitation of our analysis is the simplifying assumption that the number of non-

defaulted obligors remains constant over time. In practice, the obligor population is itself a 

random variable, influenced by new lending, repayments, and defaults, which may fluctuate 

with changing economic conditions. Relaxing this assumption and explicitly modeling the dy-

namics of the obligor pool could provide more realistic and nuanced insights. We consider this 

a promising direction for future research. 

Paragraph 210 (a) of the EGIM has established MoC C quantification at grade level rather than 

at calibration segment level as the standard. However, many financial institutions calculate 

their calibration target levels (i.e., LRADRs) at calibration segment level rather than at grade 

level. Therefore, our second main contribution is the approximation of the confidence level for 

MoC C quantification at grade level that results in the same sum of RWEAs as the MoC C at 

calibration segment level. In doing so, we take advantage of the fact that the current regulatory 

framework does not prescribe any specific confidence level for MoC C quantification. In sum-

mary, we need to multiply the MoCs C at grade level by the ratio of the variance of the default 

rate at calibration segment level divided by a non-normalized weighted average of the vari-

ances of the default rates at grade level to achieve this equality. Following this approach, there 

is no material difference in the overall own funds requirements, regardless of whether financial 

institutions quantify MoC C at grade level or at calibration segment level. As basis to arrive at 

this second main contribution, we develop a methodology to aggregate best estimate PDs and 

MoC C at calibration segment level into conservative PDs within the framework of logistic re-

gression.  

In the context of perfect point-in-time risk differentiation, the ratings of the obligors reflect their 

current credit quality. The obligors change their rating grades according to their credit quality, 

and the default rates of the rating grades remain constant over time. Consequently, both the 

variance of the one-year default rates and the MoC C at the grade level are low. In contrast, 

through-the-cycle ratings reflect the credit quality of obligors throughout the entirety of the eco-

nomic cycle. Consequently, obligors typically remain within their assigned rating grades 

throughout the entire economic cycle, while the default rates associated with these rating 

grades fluctuate over time. This implies that both the variance of the one-year default rates 

and the MoC C at the grade level are high. Our proposed approach allows for the quantification 
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of MoC C at grade level without the rating philosophy influencing the level of MoC C at calibra-

tion segment level. 

According to Equation (7) of Wosnitza (2025), intra-year dependencies of default events are a 

main driver of MoC C. However, Duellmann et al. (2010) unveil that correlation estimates from 

default rates are downward biased. More precisely, Wunderer (2019) reveals a bias introduced 

by financial institutions when they mistakenly assume that the sample underlying the default 

rates is homogeneous in terms of PD. This downward bias can directly lead to a downward 

bias in MoC C. In order to compensate for this downward bias, we employ the simulation 

framework established by Tasche (2010) and refined by Wosnitza (2023a). Under these clini-

cal conditions, we simulate time series of synthetic default rates and estimate the asset corre-

lation as a function of the true asset correlation and discriminatory power (measured by the 

AUROC) for different values of the unconditional PD. Our key findings are as follows. In line 

with Wunderer (2019), we first observe that the downward bias intensifies as the discriminatory 

power of the underlying PDs increases, and it also increases with higher asset correlations. 

Therefore, we confirm that the prevalent practice among financial institutions of grouping obli-

gors with varying PDs to expand the estimation sample (rather than estimating asset correla-

tions by rating grades) exacerbates the downward bias. Second, our results indicate that com-

mon confidence bands, such as those at the 95% or 99% confidence level, do not fully account 

for the downward bias inherent in the maximum likelihood estimator of asset correlations. 

Therefore, internal validation functions and external banking supervisors should require finan-

cial institutions to carefully justify their levels of confidence to counteract the downward bias of 

asset correlations estimated from default rates. Third, we derive adjustment factors that fully 

compensate for the downward bias. 

Financial institutions use credit portfolio models in the second pillar of the Basel Capital Accord 

to aggregate their credit risk. One key parameter that feeds into these credit portfolio models 

is the asset correlation, which captures intra-year default dependencies among obligors. Ac-

cording to Duellmann et al. (2010), “asset correlations are a key driver of credit risk”. Further-

more, Pfeuffer et al. (2020) state that the asset correlation “has a tremendous impact on the 

tail of the resulting loss distribution”. Because of its “tremendous impact”, downward biased 

estimates of the asset correlation can lead to an underestimation of credit risk in the second 

pillar of the Basel Capital Accord and, consequently, jeopardize the bank‘s solvency. There-

fore, our results are also pertinent to economic capital quantification. Moreover, Paragraph 85 

of the ECB Guide to the Internal Capital Adequacy Assessment Process (European Central 

Bank 2018) requires financial institution “to take a prudent approach whenever assuming risk 

diversification effects”. By performing 100 independent random draws for both systematic and 

idiosyncratic factors, our approach enables financial institutions to select a specific quantile 

(i.e., a conservative estimate) rather than relying on the average or median (i.e., a best esti-

mate) for Pillar Two purposes.  
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Appendix A: Time dependency of the standard deviation 

According to Paragraph 210 (a) of the EGIM, the European Central Bank expects that “the 

shorter the time series are, the higher the MoC [C] […] should be”. Obviously, the factor 

(1 −
143+3⋅𝛥

36⋅𝑇
) is a strictly monotonically increasing function of 𝑇. Therefore, the purpose of this 

appendix is to differentiate the 𝑇-dependent term of the equation for variance of the LRADR, 

given in the second-to-last line of Equation (C.1), with respect to 𝑇: 

𝜕

𝜕𝑇

1 −
143 + 3 ⋅ 𝛥
36 ⋅ 𝑇

𝑇
=
𝜕

𝜕𝑇
[
1

𝑇
−
143 + 3 ⋅ 𝛥

36 ⋅ 𝑇2
] 

= −
1

𝑇2
+ 2 ⋅

143 + 3 ⋅ 𝛥

36 ⋅ 𝑇3
 

=
1

𝑇2
(
143 + 3 ⋅ 𝛥

18 ⋅ 𝑇
− 1) <

𝑇>
143+3⋅𝛥

18

0 

(A.1)  

Obviously, the variance of the LRADR is a strictly monotonically decreasing function of time 

for 
143+3⋅Δ

18⋅𝑇
− 1 < 0 ⇔ 𝑇 >

143+3⋅Δ

18
 as expected by the European Central Bank.  
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Appendix B: Derivation of the calibration target level 

This appendix presents a step-by-step derivation of Equation (3) as referenced in the main 

text. 

1

𝑇
⋅∑𝐷𝑅𝑡

𝑇

𝑡=1

=
1

𝑇
⋅∑

1

𝑁1
⋅∑𝐷𝑡+𝜏

11

𝜏=0

𝑇

𝑡=1

 

=
1

𝑇 ⋅ 𝑁1
⋅∑∑𝐷𝑡+𝜏

11

𝜏=0

𝑇

𝑡=1

 

=
1

𝑇 ⋅ 𝑁1
⋅ [∑𝑡 ⋅ 𝐷𝑡

11

𝑡=1

+ ∑ 12 ⋅ 𝐷𝑡

𝑇

𝑡=12

+ ∑ [(𝑇 + 11) − (𝑡 − 1)] ⋅ 𝐷𝑡

𝑇+11

𝑡=𝑇+1

] 

=
1

√𝑇
⋅ [∑

𝑡

√𝑇 ⋅ 𝑁1
⋅ 𝐷𝑡

11

𝑡=1

+ ∑
12

√𝑇 ⋅ 𝑁1
⋅ 𝐷𝑡

𝑇

𝑡=12

+ ∑
(𝑇 + 11) − (𝑡 − 1)

√𝑇 ⋅ 𝑁1
⋅ 𝐷𝑡

𝑇+11

𝑡=𝑇+1

] 

=
1

√𝑇
⋅ [∑𝑎𝑡 ⋅ 𝐷𝑡

11

𝑡=1

+ ∑ 𝑎𝑡 ⋅ 𝐷𝑡

𝑇

𝑡=12

+ ∑ 𝑎𝑡 ⋅ 𝐷𝑡

𝑇+11

𝑡=𝑇+1

] 

=
1

√𝑇
⋅ ∑ 𝑎𝑡 ⋅ 𝐷𝑡

𝑇+11

𝑡=1

 

= ∑
𝑎𝑡

√𝑇
⋅ 𝐷𝑡

𝑇+11

𝑡=1

, 

(B.1)  

where 𝑎𝑡 =

{
 
 

 
 

𝑡

√𝑇⋅𝑁1
 for 1 ≤ 𝑡 ≤ 11

12

√𝑇⋅𝑁1
 for 12 ≤ 𝑡 ≤ 𝑇

(𝑇+11)−(𝑡−1)

√𝑇⋅𝑁1
 for 𝑇 + 1 ≤ 𝑡 ≤ 𝑇 + 11

. 
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Appendix C: Approximation of variance of the long run average default rate in the case of overlapping one-year default rates 

This appendix provides a detailed derivation of the approximate variance of the long run average default rate (LRADR) in the case of overlapping one-year default 
rates, given in Equation (4). 

𝕍 [
1

𝑇
⋅∑𝐷𝑅𝑡

𝑇

𝑡=1

] =
(𝐴)
𝕍 [∑

𝑎𝑡

√𝑇
⋅ 𝐷𝑡

𝑇+11

𝑡=1

] 

=
(𝐵)

∑ 𝕍[
𝑎𝑡

√𝑇
⋅ 𝐷𝑡]

𝑇+11

𝑡=1

+ ∑ ∑ ℂ𝕠𝕧 [
𝑎𝑡

√𝑇
⋅ 𝐷𝑡 ,

𝑎𝜏

√𝑇
⋅ 𝐷𝜏]

𝑇+11

𝜏=1
𝜏≠𝑡

𝑇+11

𝑡=1

 

= ∑
𝑎𝑡
2

𝑇
⋅ 𝕍[𝐷𝑡]

𝑇+11

𝑡=1

+ ∑ ∑
𝑎𝑡 ⋅ 𝑎𝜏
𝑇

⋅ ℂ𝕠𝕧[𝐷𝑡 , 𝐷𝜏]

𝑇+11

𝜏=1
𝜏≠𝑡

𝑇+11

𝑡=1

 

=
(𝐶)

∑
𝑎𝑡
2

𝑇
⋅ 𝕍[𝐷𝑡]

𝑇+11

𝑡=1

+ 2 ⋅ ∑ ∑
𝑎𝑡 ⋅ 𝑎𝜏
𝑇

⋅ ℂ𝕠𝕧[𝐷𝑡 , 𝐷𝜏]

𝑡−1

𝜏=1

𝑇+11

𝑡=2

 

=
(𝐷)

∑
𝑎𝑡
2

𝑇
⋅ 𝕍[𝐷𝑡]

𝑇+11

𝑡=1

+ 2 ⋅ [∑
𝑎𝑡 ⋅ 𝑎𝑡−1
𝑇

⋅ ℂ𝕠𝕧[𝐷𝑡 , 𝐷𝑡−1]

𝑇+11

𝑡=2

+ ∑
𝑎𝑡 ⋅ 𝑎𝑡−2
𝑇

⋅ ℂ𝕠𝕧[𝐷𝑡 , 𝐷𝑡−2]

𝑇+11

𝑡=3

+⋯+ ∑
𝑎𝑡 ⋅ 𝑎𝑡−(𝑇+10)

𝑇
⋅ ℂ𝕠𝕧[𝐷𝑡 , 𝐷𝑡−(𝑇+10)]

𝑇+11

𝑡=𝑇+11

] 

= ∑
𝑎𝑡
2

𝑇
⋅ 𝕍[𝐷𝑡]

𝑇+11

𝑡=1

+ 2 ⋅∑ ∑
𝑎𝑡 ⋅ 𝑎𝑡−𝛥

𝑇
⋅ ℂ𝕠𝕧[𝐷𝑡 , 𝐷𝑡−𝛥]

𝑇+11

𝑡=𝛥+1

𝑇

𝛥=1

 

=
(𝐸) 𝕍[𝐷𝑡]

𝑇
⋅ ∑ 𝑎𝑡

2

𝑇+11

𝑡=1

+ 2 ⋅∑
ℂ𝕠𝕧[𝐷𝑡 , 𝐷𝑡−𝛥]

𝑇
⋅ ∑ 𝑎𝑡 ⋅ 𝑎𝑡−𝛥

𝑇+11

𝑡=𝛥+1

𝑇

𝛥=1

 

=
(𝐹) 𝕍[𝐷𝑡]

𝑇 ⋅ 𝑁1
2 ⋅ 12

2 ⋅ (1 −
143

36 ⋅ 𝑇
) + 2 ⋅∑

ℂ𝕠𝕧[𝐷𝑡 , 𝐷𝑡−𝛥]

𝑇 ⋅ 𝑁1
2 ⋅ 122 ⋅ (1 −

143 + 3 ⋅ 𝛥

36 ⋅ 𝑇
)

𝑇

𝛥=1

 

=
1

𝑇
⋅ (
12

𝑁1
)
2

⋅ (𝕍[𝐷𝑡] ⋅ (1 −
143

36 ⋅ 𝑇
) + 2 ⋅∑ℂ𝕠𝕧[𝐷𝑡 , 𝐷𝑡−𝛥] ⋅ (1 −

143 + 3 ⋅ 𝛥

36 ⋅ 𝑇
)

𝑇

𝛥=1

) 

≈
𝑇≫

143+3⋅𝛥
36 1

𝑇
⋅ (
12

𝑁1
)
2

⋅ (𝕍[𝐷𝑡] + 2 ⋅∑ℂ𝕠𝕧[𝐷𝑡 , 𝐷𝑡−𝛥]

𝑇

𝛥=1

), 

(C.1)  
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where we 

(𝐴) apply the relationship 
1

𝑇
⋅ ∑ 𝐷𝑅𝑡

𝑇
𝑡=1 = ∑

𝑎𝑡

√𝑇
⋅ 𝐷𝑡

𝑇+11
𝑡=1  from Equation (3), 

(𝐵) utilize (1) of the Appendix of Wosnitza (2025), 

(𝐶) use (2) of the Appendix of Wosnitza (2025), 

(𝐷) expand the sum to show all terms explicitly, 

(𝐸) assume for tractability that the Δ-lag covariance, ℂ𝕠𝕧[𝐷𝑡, 𝐷𝑡−Δ], does not depend on 𝑡. 

(𝐹) apply the result ∑ 𝑎𝑡 ⋅ 𝑎𝑡−𝛥
𝑇+11
𝑡=𝛥+1 =

122

𝑁1
2 ⋅ {1 −

143+3⋅𝛥

36⋅𝑇
} of Appendix D.
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Appendix D: Derivation of the Sum of Products of Lagged Coefficients 

The purpose of this appendix is to derive in detail the relationship ∑ 𝑎𝑡 ⋅ 𝑎𝑡−Δ
𝑇+11
𝑡=Δ+1 =

12

𝑇⋅𝑁1
2 ⋅ {12 ⋅ 𝑇 −

143

3
− Δ} that we use in step (𝐹) of the derivation of the vari-

ance of the LRADR in Appendix C. To this end, we make use of the standard summation formulas ∑ 𝑡𝑇
𝑡=1 =

𝑇⋅(𝑇+1)

2
 and ∑ 𝑡2𝑇

𝑡=1 =
𝑇⋅(𝑇+1)⋅(2⋅𝑇+1)

6
. 

∑ 𝑎𝑡 ⋅ 𝑎𝑡−𝛥

𝑇+11

𝑡=𝛥+1

= ∑ 𝑎𝑡 ⋅ 𝑎𝑡−𝛥

11+𝛥

𝑡=𝛥+1

+ ∑ 𝑎𝑡 ⋅ 𝑎𝑡−𝛥

𝑇

𝑡=12+𝛥

∑ 𝑎𝑡 ⋅ 𝑎𝑡−𝛥

𝑇+11

𝑡=𝑇+1

 

= ∑
𝑡

√𝑇 ⋅ 𝑁1
⋅
𝑡 − 𝛥

√𝑇 ⋅ 𝑁1

11+𝛥

𝑡=𝛥+1

+ ∑
12

√𝑇 ⋅ 𝑁1
⋅

12

√𝑇 ⋅ 𝑁1

𝑇

𝑡=12+𝛥

+ ∑
(𝑇 + 11) − (𝑡 − 1)

√𝑇 ⋅ 𝑁1
⋅
(𝑇 + 11) − (𝑡 − (𝛥 + 1))

√𝑇 ⋅ 𝑁1

𝑇+11

𝑡=𝑇+1

 

=
1

𝑇 ⋅ 𝑁1
2 ⋅ { ∑ 𝑡 ⋅ (𝑡 − 𝛥)

11+𝛥

𝑡=𝛥+1

+ 144 ⋅ [𝑇 − (12 + 𝛥) + 1] + ∑ [(𝑇 + 11) − (𝑡 − 1)] ⋅ [(𝑇 + 11) − (𝑡 − 𝛥 − 1)]

𝑇+11

𝑡=𝑇+1

} 

=
1

𝑇 ⋅ 𝑁1
2 ⋅ { ∑ 𝑡2

11+𝛥

𝑡=𝛥+1

− 𝛥 ⋅ ∑ 𝑡

11+𝛥

𝑡=𝛥+1

+ 144 ⋅ [𝑇 − (11 + 𝛥)] + ∑ [(𝑇 + 11)2 − (𝑇 + 11) ⋅ (2 ⋅ 𝑡 − 𝛥 − 2) + (𝑡 − 1) ⋅ (𝑡 − 𝛥 − 1)]

𝑇+11

𝑡=𝑇+1

} 

=
1

𝑇 ⋅ 𝑁1
2 ⋅ { ∑ 𝑡2

11+𝛥

𝑡=𝛥+1

− 𝛥 ⋅ ∑ 𝑡

11+𝛥

𝑡=𝛥+1

+ 144 ⋅ 𝑇 − 144 ⋅ 11 − 144 ⋅ 𝛥 + ∑ (𝑇 + 11)2
𝑇+11

𝑡=𝑇+1

− (𝑇 + 11) ⋅ ∑ (2 ⋅ 𝑡 − 𝛥 − 2)

𝑇+11

𝑡=𝑇+1

+ ∑ (𝑡 − 1) ⋅ (𝑡 − 𝛥 − 1)

𝑇+11

𝑡=𝑇+1

} 

=
1

𝑇 ⋅ 𝑁1
2 ⋅ { ∑ 𝑡2

11+𝛥

𝑡=𝛥+1

− 𝛥 ⋅ ∑ 𝑡

11+𝛥

𝑡=𝛥+1

+ 144 ⋅ 𝑇 − 1584 − 144 ⋅ 𝛥 + (𝑇 + 11)2 ⋅ ∑ 1

𝑇+11

𝑡=𝑇+1

− (𝑇 + 11) ⋅ [2 ⋅ ∑ 𝑡

𝑇+11

𝑡=𝑇+1

− ∑ (𝛥 + 2)

𝑇+11

𝑡=𝑇+1

] + ∑ (𝑡2 − 𝑡 ⋅ (𝛥 + 1) − 𝑡 + (𝛥 + 1))

𝑇+11

𝑡=𝑇+1

} 

=
1

𝑇 ⋅ 𝑁1
2 ⋅ { ∑ 𝑡2

11+𝛥

𝑡=𝛥+1

− 𝛥 ⋅ ∑ 𝑡

11+𝛥

𝑡=𝛥+1

+ 144 ⋅ 𝑇 − 1584 − 144 ⋅ 𝛥 + (𝑇 + 11)2 ⋅ 11 − (𝑇 + 11) ⋅ [2 ⋅ ∑ 𝑡

𝑇+11

𝑡=𝑇+1

− (𝛥 + 2) ⋅ ∑ 1

𝑇+11

𝑡=𝑇+1

] + ∑ 𝑡2
𝑇+11

𝑡=𝑇+1

− (𝛥 + 2) ⋅ ∑ 𝑡

𝑇+11

𝑡=𝑇+1

+ (𝛥 + 1)

⋅ ∑ 1

𝑇+11

𝑡=𝑇+1

} 

=
1

𝑇 ⋅ 𝑁1
2 ⋅ { ∑ 𝑡2

11+𝛥

𝑡=𝛥+1

− 𝛥 ⋅ ∑ 𝑡

11+𝛥

𝑡=𝛥+1

+ 144 ⋅ 𝑇 − 1584 − 144 ⋅ 𝛥 + (𝑇 + 11)2 ⋅ 11 − (𝑇 + 11) ⋅ [2 ⋅ ∑ 𝑡

𝑇+11

𝑡=𝑇+1

− (𝛥 + 2) ⋅ 11] + ∑ 𝑡2
𝑇+11

𝑡=𝑇+1

− (𝛥 + 2) ⋅ ∑ 𝑡

𝑇+11

𝑡=𝑇+1

+ (𝛥 + 1) ⋅ 11} 
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=
1

𝑇 ⋅ 𝑁1
2 ⋅ {

(11 + 𝛥) ⋅ (11 + 𝛥 + 1) ⋅ (2 ⋅ (11 + 𝛥) + 1)

6
−
𝛥 ⋅ (𝛥 + 1) ⋅ (2 ⋅ 𝛥 + 1)

6
− 𝛥 ⋅ [

(11 + 𝛥) ⋅ (12 +  𝛥)

2
−
𝛥 ⋅ (𝛥 + 1)

2
] + 144 ⋅ 𝑇 − 1584 − 144 ⋅ 𝛥 + (𝑇 + 11)2 ⋅ 11

− (𝑇 + 11) ⋅ [(𝑇 + 11) ⋅ (𝑇 + 12) − 𝑇 ⋅ (𝑇 + 1) − (𝛥 + 2) ⋅ 11] +
(𝑇 + 11) ⋅ (𝑇 + 12) ⋅ (2 ⋅ 𝑇 + 23)

6
−
𝑇 ⋅ (𝑇 + 1) ⋅ (2 ⋅ 𝑇 + 1)

6
− (𝛥 + 2)

⋅ [
(𝑇 + 11) ⋅ (𝑇 + 12)

2
−
𝑇 ⋅ (𝑇 + 1)

2
] + (𝛥 + 1) ⋅ 11} 

=
1

𝑇 ⋅ 𝑁1
2 ⋅ {

(132 + 23 ⋅ 𝛥 + 𝛥2) ⋅ (23 + 2 ⋅ 𝛥)

6
−
𝛥 ⋅ (2 ⋅ 𝛥2 + 3 ⋅ 𝛥 + 1)

6
− 𝛥 ⋅ [

132 + 23 ⋅ 𝛥 + 𝛥2

2
−
𝛥2 + 𝛥

2
] + 144 ⋅ 𝑇 − 1584 − 144 ⋅ 𝛥 + (𝑇 + 11)2 ⋅ 11 − (𝑇 + 11)

⋅ [𝑇2 + 23 ⋅ 𝑇 + 132 − 𝑇2 − 𝑇 − (𝛥 + 2) ⋅ 11] +
(𝑇2 + 23 ⋅ 𝑇 + 132) ⋅ (2 ⋅ 𝑇 + 23)

6
−
𝑇 ⋅ (2 ⋅ 𝑇2 + 3 ⋅ 𝑇 + 1)

6
− (𝛥 + 2) ⋅ [

𝑇2 + 23 ⋅ 𝑇 + 132

2
−
𝑇2 + 𝑇

2
]

+ (𝛥 + 1) ⋅ 11} 

=
1

𝑇 ⋅ 𝑁1
2 ⋅ {

3036 + 264 ⋅ 𝛥 + 529 ⋅ 𝛥 + 46 ⋅ 𝛥2 + 23 ⋅ 𝛥2 + 2 ⋅ 𝛥3

6
−
2 ⋅ 𝛥3 + 3 ⋅ 𝛥2 + 𝛥

6
− 𝛥 ⋅ [

132 + 22 ⋅ 𝛥

2
] + 144 ⋅ 𝑇 − 1584 − 144 ⋅ 𝛥 + (𝑇 + 11)2 ⋅ 11 − (𝑇 + 11)

⋅ [22 ⋅ 𝑇 + 132 − (𝛥 + 2) ⋅ 11] +
2 ⋅ 𝑇3 + 23 ⋅ 𝑇2 + 46 ⋅ 𝑇2 + 529 ⋅ 𝑇 + 264 ⋅ 𝑇 + 3036

6
−
2 ⋅ 𝑇3 + 3 ⋅ 𝑇2 + 𝑇

6
− (𝛥 + 2) ⋅ [

22 ⋅ 𝑇 + 132

2
] + (𝛥 + 1) ⋅ 11} 

=
1

𝑇 ⋅ 𝑁1
2 ⋅ {

3036 + 792 ⋅ 𝛥 + 66 ⋅ 𝛥2

6
− 𝛥 ⋅ [11 ⋅ 𝛥 + 66] + 144 ⋅ 𝑇 − 1584 − 144 ⋅ 𝛥 + (𝑇 + 11)2 ⋅ 11 − (𝑇 + 11) ⋅ [22 ⋅ 𝑇 + 132 − (𝛥 + 2) ⋅ 11]

+
66 ⋅ 𝑇2 + 792 ⋅ 𝑇 + 3036

6
− (𝛥 + 2) ⋅ [11 ⋅ 𝑇 + 66] + (𝛥 + 1) ⋅ 11} 

=
1

𝑇 ⋅ 𝑁1
2 ⋅ {506 + 132 ⋅ 𝛥 + 11 ⋅ 𝛥

2 − [11 ⋅ 𝛥2 + 66 ⋅ 𝛥] + 144 ⋅ 𝑇 − 1584 − 144 ⋅ 𝛥 + (𝑇 + 11)2 ⋅ 11 − (𝑇 + 11) ⋅ [22 ⋅ 𝑇 + 132 − 11 ⋅ 𝛥 − 22] + 506 + 132 ⋅ 𝑇 + 11 ⋅ 𝑇2

− (𝛥 + 2) ⋅ [11 ⋅ 𝑇 + 66] + 11 ⋅ 𝛥 + 11} 

=
1

𝑇 ⋅ 𝑁1
2 ⋅ {506 + 132 ⋅ 𝛥 + 11 ⋅ 𝛥

2 − 11 ⋅ 𝛥2 − 66 ⋅ 𝛥 + 144 ⋅ 𝑇 − 1584 − 144 ⋅ 𝛥 + (𝑇 + 11)2 ⋅ 11 − (𝑇 + 11) ⋅ [22 ⋅ 𝑇 + 110 − 11 ⋅ 𝛥 − 22] + 506 + 132 ⋅ 𝑇 + 11 ⋅ 𝑇2

− 11 ⋅ 𝑇 ⋅ 𝛥 − 66 ⋅ 𝛥 − 22 ⋅ 𝑇 − 132 + 11 ⋅ 𝛥 + 11} 

=
1

𝑇 ⋅ 𝑁1
2 ⋅ {−693 − 133 ⋅ 𝛥 + 254 ⋅ 𝑇 + (𝑇 + 11)

2 ⋅ 11 − (𝑇 + 11) ⋅ [22 ⋅ 𝑇 + 110 − 11 ⋅ 𝛥] + 11 ⋅ 𝑇2 − 11 ⋅ 𝑇 ⋅ 𝛥} 
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=
1

𝑇 ⋅ 𝑁1
2 ⋅ {−693 − 133 ⋅ 𝛥 + 254 ⋅ 𝑇 + (𝑇

2 + 22 ⋅ 𝑇 + 121) ⋅ 11 − (22 ⋅ 𝑇2 + 110 ⋅ 𝑇 − 11 ⋅ 𝛥 ⋅ 𝑇 + 242 ⋅ 𝑇 + 1210 − 121 ⋅ 𝛥) + 11 ⋅ 𝑇2 − 11 ⋅ 𝑇 ⋅ 𝛥} 

=
1

𝑇 ⋅ 𝑁1
2 ⋅ {−693 − 133 ⋅ 𝛥 + 254 ⋅ 𝑇 + 11 ⋅ 𝑇

2 + 242 ⋅ 𝑇 + 1331 − 22 ⋅ 𝑇2 − 110 ⋅ 𝑇 + 11 ⋅ 𝛥 ⋅ 𝑇 − 242 ⋅ 𝑇 − 1210 + 121 ⋅ 𝛥 + 11 ⋅ 𝑇2 − 11 ⋅ 𝑇 ⋅ 𝛥} 

=
1

𝑇 ⋅ 𝑁1
2 ⋅ {144 ⋅ 𝑇 − 572 − 12 ⋅ 𝛥} 

=
122

𝑇 ⋅ 𝑁1
2 ⋅ {𝑇 −

143

3
−
𝛥

12
} 

=
122

𝑁1
2 ⋅ {1 −

143 + 3 ⋅ 𝛥

36 ⋅ 𝑇
} 

 



 

30 
 

Appendix E: Aggregation of best estimate PD and MoC C 

The purpose of this appendix is to examine the aggregation of the best estimate 𝑃𝐷 (i.e., the 

PD excluding MoC C) and the MoC C at the calibration segment level, resulting in a conserva-

tive 𝑃𝐷̃ (i.e., the PD including MoC C). The linear logistic regression is a standard calibration 

methodology (see Wosnitza (2023a) and references therein). In the framework of the logistic 

regression, 𝑃𝐷 and 𝑃𝐷̃ of an obligor with credit score 𝑠 are given as follows: 

𝑃𝐷̃(𝑠) =
1

1 + exp{−𝑙(𝑠)}
 

=
1

1 + exp {−𝑓(𝑠) − ln {
𝑃(𝑌 = 1)

1 − 𝑃(𝑌 = 1)
}}

 

=
1

1 + exp {−𝑓(𝑠) − ln {
𝐿𝑅𝐴𝐷𝑅 +𝑀𝑜𝐶

1 − 𝐿𝑅𝐴𝐷𝑅 −𝑀𝑜𝐶}}
 

=
1

1 +
1 − 𝐿𝑅𝐴𝐷𝑅 −𝑀𝑜𝐶
𝐿𝑅𝐴𝐷𝑅 +𝑀𝑜𝐶

⋅ exp{−𝑓(𝑠)}
 

𝑃𝐷(𝑠) = 𝑃𝐷̃(𝑠)|
𝑀𝑜𝐶=0

 

=
1

1 +
1 − 𝐿𝑅𝐴𝐷𝑅
𝐿𝑅𝐴𝐷𝑅 ⋅ exp{−𝑓(𝑠)}

, 

(E.1)  

where 

• we start from Equation (21) of Wosnitza (2023a) , 

• we substitute 𝑓(𝑠) =
𝛼2−1

2∙𝛼2∙𝜎2
∙ 𝑠2 −

𝜇∙(𝛼2+1)

𝛼2∙𝜎2
∙ 𝑠 − ln{𝛼} +

𝜇2∙(𝛼2−1)

2∙𝛼2∙𝜎2
 in the second line, and 

• 𝐿𝑅𝐴𝐷𝑅 stands for the long run average default rate, which is the best estimate calibra-

tion target level. 

In the second-to-last line of Equation (E.4), we have to express exp{−𝑓(𝑠)} as a function of 

𝑃𝐷(𝑠). To this end, we apply the following transformation: 

⇔
1

𝑃𝐷(𝑠)
= 1 +

1 − 𝐿𝑅𝐴𝐷𝑅

𝐿𝑅𝐴𝐷𝑅
⋅ exp{−𝑓(𝑠)} 

⇔
1

𝑃𝐷(𝑠)
− 1 =

1 − 𝐿𝑅𝐴𝐷𝑅

𝐿𝑅𝐴𝐷𝑅
⋅ exp{−𝑓(𝑠)} 

⇔ exp{−𝑓(𝑠)} =
1 − 𝑃𝐷(𝑠)

𝑃𝐷(𝑠)
⋅
𝐿𝑅𝐴𝐷𝑅

1 − 𝐿𝑅𝐴𝐷𝑅
. 

(E.2)  

Next, we develop the conservative 𝑃𝐷̃(𝑠) in a Taylor Series around 𝑀𝑜𝐶 = 0 up to the first 

order: 

𝑃𝐷̃(𝑠) ≈ 𝑃𝐷̃(𝑠)|
𝑀𝑜𝐶=0

+
𝜕

𝜕𝑀𝑜𝐶
𝑃𝐷̃(𝑠)|

𝑀𝑜𝐶=0
⋅ 𝑀𝑜𝐶. (E.3)  
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To this end, we differentiate 𝑃𝐷̃(𝑠) =
1

1+
1−𝐿𝑅𝐴𝐷𝑅−𝑀𝑜𝐶

𝐿𝑅𝐴𝐷𝑅+𝑀𝑜𝐶
⋅exp{−𝑓(𝑠)}

 with respect to 𝑀𝑜𝐶 and then we 

evaluate this derivative at 𝑀𝑜𝐶 = 0: 

𝜕

𝜕𝑀𝑜𝐶
𝑃𝐷̃(𝑠)|

𝑀𝑜𝐶=0
=

𝜕

𝜕𝑀𝑜𝐶

1

1 +
1 − 𝐿𝑅𝐴𝐷𝑅 −𝑀𝑜𝐶
𝐿𝑅𝐴𝐷𝑅 +𝑀𝑜𝐶 ⋅ exp{−𝑓(𝑠)}

|

𝑀𝑜𝐶=0

 

=
0 −

−1
(𝐿𝑅𝐴𝐷𝑅 +𝑀𝑜𝐶)2

⋅ exp{−𝑓(𝑠)}

(1 +
1 − 𝐿𝑅𝐴𝐷𝑅 −𝑀𝑜𝐶
𝐿𝑅𝐴𝐷𝑅 +𝑀𝑜𝐶

⋅ exp{−𝑓(𝑠)})
2|

𝑀𝑜𝐶=0

 

=

1
(𝐿𝑅𝐴𝐷𝑅 +𝑀𝑜𝐶)2

⋅ exp{−𝑓(𝑠)}

(1 +
1 − 𝐿𝑅𝐴𝐷𝑅 −𝑀𝑜𝐶
𝐿𝑅𝐴𝐷𝑅 +𝑀𝑜𝐶

⋅ exp{−𝑓(𝑠)})
2|

𝑀𝑜𝐶=0

 

= 𝑃𝐷̃(𝑠)2 ⋅
1

(𝐿𝑅𝐴𝐷𝑅 +𝑀𝑜𝐶)2
⋅ exp{−𝑓(𝑠)}|

𝑀𝑜𝐶=0

 

= 𝑃𝐷̃(𝑠)2 ⋅
1

(𝐿𝑅𝐴𝐷𝑅 +𝑀𝑜𝐶)2
⋅
1 − 𝑃𝐷(𝑠)

𝑃𝐷(𝑠)
⋅
𝐿𝑅𝐴𝐷𝑅

1 − 𝐿𝑅𝐴𝐷𝑅
|
𝑀𝑜𝐶=0

 

=
𝑃𝐷(𝑠) ⋅ [1 − 𝑃𝐷(𝑠)]

𝐿𝑅𝐴𝐷𝑅 ⋅ [1 − 𝐿𝑅𝐴𝐷𝑅]
, 

(E.4)  

where we substitute exp{−𝑓(𝑠)} =
1−𝑃𝐷(𝑠)

𝑃𝐷(𝑠)
⋅
𝐿𝑅𝐴𝐷𝑅

1−𝐿𝑅𝐴𝐷𝑅
 in the second-to-last line. Hence, Equation 

(E.3) is equal to the following: 

𝑃𝐷̃(𝑠) = 𝑃𝐷(𝑠) +
𝑃𝐷(𝑠) ⋅ [1 − 𝑃𝐷(𝑠)]

𝐿𝑅𝐴𝐷𝑅 ⋅ [1 − 𝐿𝑅𝐴𝐷𝑅]
⋅ 𝑀𝑜𝐶 

= 𝑃𝐷(𝑠) ⋅ (1 +
𝑀𝑜𝐶

𝐿𝑅𝐴𝐷𝑅
⋅
1 − 𝑃𝐷(𝑠)

1 − 𝐿𝑅𝐴𝐷𝑅
). 

(E.5)  

The sum of the LRADR plus the MoC C is an upper bound of the average conservative PD 

over all obligors 𝑖 ∈ {1,… , 𝑛}:  



 

32 
 

1

𝑛
⋅∑[𝑃𝐷(𝑠𝑖) +

𝑃𝐷(𝑠𝑖) ⋅ [1 − 𝑃𝐷(𝑠𝑖)]

𝐿𝑅𝐴𝐷𝑅 ⋅ [1 − 𝐿𝑅𝐴𝐷𝑅]
⋅ 𝑀𝑜𝐶]

𝑖

=
1

𝑛
⋅∑𝑃𝐷(𝑠𝑖)

𝑖

+
1

𝑛
⋅∑

𝑃𝐷(𝑠𝑖) ⋅ [1 − 𝑃𝐷(𝑠𝑖)]

𝐿𝑅𝐴𝐷𝑅 ⋅ [1 − 𝐿𝑅𝐴𝐷𝑅]
⋅ 𝑀𝑜𝐶

𝑖

 

=
1

𝑛
⋅∑𝑃𝐷(𝑠𝑖)

𝑖

+
𝑀𝑜𝐶

𝐿𝑅𝐴𝐷𝑅 ⋅ [1 − 𝐿𝑅𝐴𝐷𝑅]
⋅
1

𝑛
⋅∑[𝑃𝐷(𝑠𝑖) − 𝑃𝐷(𝑠𝑖)

2]

𝑖

 

=
1

𝑛
⋅∑𝑃𝐷(𝑠𝑖)

𝑖

+
𝑀𝑜𝐶

𝐿𝑅𝐴𝐷𝑅 ⋅ [1 − 𝐿𝑅𝐴𝐷𝑅]
⋅ [
1

𝑛
⋅∑𝑃𝐷(𝑠𝑖)

𝑖

−
1

𝑛
⋅∑𝑃𝐷(𝑠𝑖)

2

𝑖

] 

≤
(7) 1

𝑛
⋅∑𝑃𝐷(𝑠𝑖)

𝑖

+
𝑀𝑜𝐶

𝐿𝑅𝐴𝐷𝑅 ⋅ [1 − 𝐿𝑅𝐴𝐷𝑅]
⋅ [
1

𝑛
⋅∑𝑃𝐷(𝑠𝑖)

𝑖

− (
1

𝑛
⋅∑𝑃𝐷(𝑠𝑖)

𝑖

)

2

] 

= 𝐿𝑅𝐴𝐷𝑅 +
𝑀𝑜𝐶

𝐿𝑅𝐴𝐷𝑅 ⋅ [1 − 𝐿𝑅𝐴𝐷𝑅]
⋅ [𝐿𝑅𝐴𝐷𝑅 − 𝐿𝑅𝐴𝐷𝑅2] 

= 𝐿𝑅𝐴𝐷𝑅 +𝑀𝑜𝐶, 

(E.6)  

where we apply (7) of the appendix of Wosnitza (2025): −(
1

𝑛
∙ ∑ 𝑃𝐷(𝑠𝑖)

𝑛
𝑖=1 )

2
≥ −

1

𝑛
∙

∑ 𝑃𝐷(𝑠𝑖)
𝑛
𝑖=1

2
. In the second-to-last line, we use the fact that the average of best estimate PDs 

“reflects the long-run average default rate” (see EBA/2017/16). More precisely, Table 1 of the 

EBA/GL/2017/16 clarifies that the average of the current PD estimates is equal to the LRADR 

in the case of calibration philosophy TTC B. In the case of calibration philosophy TTC C, the 

average of PD estimates over the entire historical observation period is equal to the LRADR.  

In the following, we first assume that the rating grades associated with high PDs are, if at all, 

only scarcely populated. Second, we assume that both the PDs of the populated rating grades 

and the LRADR are small. For small 𝑃𝐷(𝑠𝑖) and small 𝐿𝑅𝐴𝐷𝑅, the product 
𝑃𝐷(𝑠𝑖)

𝐿𝑅𝐴𝐷𝑅
⋅
1−𝑃𝐷(𝑠𝑖)

1−𝐿𝑅𝐴𝐷𝑅
 

converges towards 
𝑃𝐷(𝑠𝑖)

𝐿𝑅𝐴𝐷𝑅
 as shown in the following:

12
 

𝑃𝐷(𝑠𝑖) =
𝛼𝑖
𝑥

 

𝐿𝑅𝐴𝐷𝑅 =
1

𝑥
 

⇒
𝑃𝐷(𝑠𝑖)

𝐿𝑅𝐴𝐷𝑅
⋅
1 − 𝑃𝐷(𝑠𝑖)

1 − 𝐿𝑅𝐴𝐷𝑅
=

𝛼𝑖
𝑥
1
𝑥

⋅
1 −

𝛼𝑖
𝑥

1 −
1
𝑥

= 𝛼𝑖 ⋅
𝑥 − 𝛼𝑖
𝑥 − 1

⟶
𝑥≫max{𝛼𝑖;1}

𝛼𝑖 =
𝑃𝐷(𝑠𝑖)

𝐿𝑅𝐴𝐷𝑅
. 

(E.7)  

Distributing the MoC C at calibration segment level to the grades by scaling the MoC C at 

calibration segment with the ratio 
𝑃𝐷(𝑠𝑖)

𝐿𝑅𝐴𝐷𝑅
 yields two key benefits. First, the MoC C at grade level 

is proportional to the PD associated with the grade. This ensures that the MoC C of rating 

 
12

 In our notation, the assumption of small PDs and small LRADR is equivalent to large 𝑥. 
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grades associated with low PDs is not extraordinarily high. Second, the average of the con-

servative PDs over all obligors 𝑖 is equal to the sum of the LRADR plus the MoC C at calibration 

segment level: 

1

𝑛
⋅∑[𝑃𝐷(𝑠𝑖) +

𝑃𝐷(𝑠𝑖)

𝐿𝑅𝐴𝐷𝑅
⋅ 𝑀𝑜𝐶]

𝑖

=
1

𝑛
⋅∑𝑃𝐷(𝑠𝑖)

𝑖

+
1

𝑛
⋅∑

𝑃𝐷(𝑠𝑖)

𝐿𝑅𝐴𝐷𝑅
⋅ 𝑀𝑜𝐶

𝑖

 

=
1

𝑛
⋅∑𝑃𝐷(𝑠𝑖)

𝑖

+
𝑀𝑜𝐶

𝐿𝑅𝐴𝐷𝑅
⋅
1

𝑛
⋅∑𝑃𝐷(𝑠𝑖)

𝑖

 

= 𝐿𝑅𝐴𝐷𝑅 +
𝑀𝑜𝐶

𝐿𝑅𝐴𝐷𝑅
⋅ 𝐿𝑅𝐴𝐷𝑅 

= 𝐿𝑅𝐴𝐷𝑅 +𝑀𝑜𝐶. 

(E.8)  

That is why we propose to use (1 +
𝑀𝑜𝐶

𝐿𝑅𝐴𝐷𝑅
) instead of (1 +

𝑀𝑜𝐶

𝐿𝑅𝐴𝐷𝑅
⋅
1−𝑃𝐷(𝑠)

1−𝐿𝑅𝐴𝐷𝑅
) to break down the 

MoC C at calibration segment level to individual PDs. Finally, we replace 𝑃𝐷(𝑠) and 𝑃𝐷̃(𝑠) in 

Equation (E.5) with 𝑃𝐷𝑘 and 𝑃𝐷̃𝑘, respectively, to adapt this result to the nomenclature used 

in Section 3: 

𝑃𝐷̃𝑘 ≈ 𝑃𝐷𝑘 +
𝑃𝐷𝑘
𝐿𝑅𝐴𝐷𝑅⏟    
=𝛽𝑘

⋅ 𝑀𝑜𝐶𝑘 . (E.9)  
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Appendix F: Differentiation of the risk weighted exposure amount 

In this appendix, we provide a detailed derivation of Equation (7) obtained by differentiating 𝑅𝑊𝐸𝐴(𝑀𝑜𝐶𝑘) with respect to 𝑀𝑜𝐶𝑘 using the chain rule. 

⇒
𝜕

𝜕𝑀𝑜𝐶𝑘
𝑅𝑊𝐸𝐴(𝑀𝑜𝐶𝑘) = 𝐶𝑘 ⋅

𝜕

𝜕𝑀𝑜𝐶𝑘
{Φ [

Φ−1(𝑃𝐷𝑘 + 𝛼 ⋅ 𝛽𝑘 ⋅ 𝑀𝑜𝐶𝑘) + 𝑎𝑘
𝑏𝑘

] − (𝑃𝐷𝑘 + 𝛼 ⋅ 𝛽𝑘 ⋅ 𝑀𝑜𝐶𝑘)} 

= 𝐶𝑘 ⋅ {
𝛼 ⋅ 𝛽𝑘
𝑏𝑘

⋅
1

𝜑[Φ−1(𝑃𝐷𝑘 + 𝛼 ⋅ 𝛽𝑘 ⋅ 𝑀𝑜𝐶𝑘)]
⋅ 𝜑 [

Φ−1(𝑃𝐷𝑘 + 𝛼 ⋅ 𝛽𝑘 ⋅ 𝑀𝑜𝐶𝑘) + 𝑎𝑘
𝑏𝑘

] − 𝛼 ⋅ 𝛽𝑘} 

=
𝛼 ⋅ 𝛽𝑘
𝑏𝑘

⋅ 𝐶𝑘 ⋅

{
 
 

 
 

1

𝜑 [Φ−1(𝑃𝐷𝑘 + 𝛼 ⋅ 𝛽𝑘 ⋅ 𝑀𝑜𝐶𝑘)⏟                
𝑥𝑘 

]

⋅ 𝜑

[
 
 
 Φ−1(𝑃𝐷𝑘 + 𝛼 ⋅ 𝛽𝑘 ⋅ 𝑀𝑜𝐶𝑘)
⏞                

=𝑥𝑘

+ 𝑎𝑘
𝑏𝑘

]
 
 
 
− 𝑏𝑘

}
 
 

 
 

 

=
𝛼 ⋅ 𝛽𝑘
𝑏𝑘

⋅ 𝐶𝑘 ⋅

{
 

 
1

√2 ⋅ 𝜋
⋅ exp {−

1
2
⋅ (
𝑥𝑘 + 𝑎𝑘
𝑏𝑘

)
2

}

1

√2 ⋅ 𝜋
⋅ exp {−

1
2
⋅ 𝑥2}

− 𝑏𝑘

}
 

 

 

=
𝛼 ⋅ 𝛽𝑘
𝑏𝑘

⋅ 𝐶𝑘 ⋅ {exp {−
1

2
⋅ [(
𝑥𝑘 + 𝑎𝑘
𝑏𝑘

)
2

− 𝑥𝑘
2]} − 𝑏𝑘} 

=
𝛼 ⋅ 𝛽𝑘
𝑏𝑘

⋅ 𝐶𝑘 ⋅ {exp {−
1

2
⋅ [
𝑥𝑘
2 + 2 ⋅ 𝑎𝑘 ⋅ 𝑥𝑘 + 𝑎𝑘

2

𝑏𝑘
2 − 𝑥2]} − 𝑏𝑘} 

=
𝛼 ⋅ 𝛽𝑘
𝑏𝑘

⋅ 𝐶𝑘 ⋅ {exp {−
1

2
⋅ [
𝑥𝑘
2 ⋅ (1 − 𝑏𝑘

2) + 2 ⋅ 𝑎𝑘 ⋅ 𝑥𝑘 + 𝑎𝑘
2

𝑏𝑘
2 ]} − 𝑏𝑘} 

=
𝛼 ⋅ 𝛽𝑘
𝑏𝑘

⋅ 𝐶𝑘 ⋅ {exp {−
1

2
⋅
1 − 𝑏𝑘

2

𝑏𝑘
2 [𝑥𝑘

2 + 2 ⋅ 𝑥𝑘 ⋅
𝑎𝑘

1 − 𝑏𝑘
2 +

𝑎𝑘
2

1 − 𝑏𝑘
2]} − 𝑏𝑘} 

=
𝛼 ⋅ 𝛽𝑘
𝑏𝑘

⋅ 𝐶𝑘 ⋅ {exp {−
1

2
⋅
1 − 𝑏𝑘

2

𝑏𝑘
2 [(𝑥𝑘 +

𝑎𝑘

1 − 𝑏𝑘
2)

2

−
𝑎𝑘
2

(1 − 𝑏𝑘
2)2

+
𝑎𝑘
2 − 𝑎𝑘

2 ⋅ 𝑏𝑘
2

(1 − 𝑏𝑘
2)2

]} − 𝑏𝑘} 

=
𝛼 ⋅ 𝛽𝑘
𝑏𝑘

⋅ 𝐶𝑘 ⋅ {exp {−
1

2
⋅
1 − 𝑏𝑘

2

𝑏𝑘
2 [(𝑥𝑘 +

𝑎𝑘

1 − 𝑏𝑘
2)

2

−
𝑎𝑘
2 ⋅ 𝑏𝑘

2

(1 − 𝑏𝑘
2)2
]} − 𝑏𝑘} 

=
𝛼 ⋅ 𝛽𝑘
𝑏𝑘

⋅ 𝐶𝑘 ⋅ {exp {−
1

2
⋅
1 − 𝑏𝑘

2

𝑏𝑘
2 ⋅ (𝑥𝑘 +

𝑎𝑘

1 − 𝑏𝑘
2)

2

+
𝑎𝑘
2

2 ⋅ (1 − 𝑏𝑘
2)
} − 𝑏𝑘} 

(F.1)  
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Appendix G: Step-by-Step Substitution Leading to the derivative of RWEA with respect to 𝑴𝒐𝑪𝒌 

The purpose of this appendix is to outline the substitution steps leading to Equation (8) in detail and to present the resulting expression when 𝑀𝑜𝐶𝑘 = 0. To this 

end, we resubstitute 𝑎𝑘 = √𝑅(𝑃𝐷𝑘) ⋅ Φ
−1(99.9%), 𝑏𝑘 = √1 − 𝑅(𝑃𝐷𝑘), 𝛽𝑘 =

𝑃𝐷𝑘

𝐿𝑅𝐴𝐷𝑅
 and 𝑥𝑘 = Φ

−1(𝑃𝐷𝑘 + 𝛼 ⋅
𝑃𝐷𝑘

𝐿𝑅𝐴𝐷𝑅

⏞  
=𝛽𝑘

⋅ 𝑀𝑜𝐶𝑘) one by one: 

𝜕

𝜕𝑀𝑜𝐶𝑘
𝑅𝑊𝐸𝐴(𝑀𝑜𝐶𝑘) =

𝑏𝑘
2=1−𝑅(𝑃𝐷𝑘) α ⋅ 𝛽𝑘

√1 − 𝑅(𝑃𝐷𝑘)
⋅ 𝐶𝑘 ⋅ {exp {−

1

2
⋅
𝑅(𝑃𝐷𝑘)

1 − 𝑅(𝑃𝐷𝑘)
⋅ (𝑥𝑘 +

𝑎𝑘
𝑅(𝑃𝐷𝑘)

)
2

+
𝑎𝑘
2

2 ⋅ 𝑅(𝑃𝐷𝑘)
} − √1 − 𝑅(𝑃𝐷𝑘)} 

=
𝑎𝑘
2=𝑅(𝑃𝐷𝑘)⋅Φ

−1(99.9%)2 α ⋅ 𝛽𝑘

√1 − 𝑅(𝑃𝐷𝑘)
⋅ 𝐶𝑘 ⋅ {exp {−

1

2
⋅
𝑅(𝑃𝐷𝑘)

1 − 𝑅(𝑃𝐷𝑘)
⋅ (𝑥𝑘 +

Φ−1(99.9%)

√𝑅(𝑃𝐷𝑘)
)

2

+
Φ−1(99.9%)2

2
} − √1 − 𝑅(𝑃𝐷𝑘)} 

=
𝑥𝑘=Φ

−1(𝑃𝐷𝑘+𝛼⋅𝛽𝑘⋅𝑀𝑜𝐶𝑘) α ⋅ 𝛽𝑘

√1 − 𝑅(𝑃𝐷𝑘)
⋅ 𝐶𝑘

⋅ {exp {−
1

2
⋅
𝑅(𝑃𝐷𝑘)

1 − 𝑅(𝑃𝐷𝑘)
⋅ (Φ−1(𝑃𝐷𝑘 + 𝛼 ⋅ 𝛽𝑘 ⋅ 𝑀𝑜𝐶𝑘) +

Φ−1(99.9%)

√𝑅(𝑃𝐷𝑘)
)

2

+
Φ−1(99.9%)2

2
} − √1 − 𝑅(𝑃𝐷𝑘)} 

=
𝛽𝑘=

𝑃𝐷𝑘
𝐿𝑅𝐴𝐷𝑅 α ⋅

𝑃𝐷𝑘
𝐿𝑅𝐴𝐷𝑅

√1 − 𝑅(𝑃𝐷𝑘)
⋅ 𝐶𝑘

⋅ {exp {−
1

2
⋅
𝑅(𝑃𝐷𝑘)

1 − 𝑅(𝑃𝐷𝑘)
⋅ (Φ−1 (𝑃𝐷𝑘 + 𝛼 ⋅

𝑃𝐷𝑘
𝐿𝑅𝐴𝐷𝑅

⋅ 𝑀𝑜𝐶𝑘) +
Φ−1(99.9%)

√𝑅(𝑃𝐷𝑘)
)

2

+
Φ−1(99.9%)2

2
} − √1 − 𝑅(𝑃𝐷𝑘)} 

⇒
𝜕

𝜕𝑀𝑜𝐶𝑘
𝑅𝑊𝐸𝐴(𝑀𝑜𝐶𝑘)|

𝑀𝑜𝑐𝑘=0

=
α ⋅

𝑃𝐷𝑘
𝐿𝑅𝐴𝐷𝑅

√1 − 𝑅(𝑃𝐷𝑘)
⋅ 𝐶𝑘 ⋅ [exp {−

1

2
⋅
𝑅(𝑃𝐷𝑘)

1 − 𝑅(𝑃𝐷𝑘)
⋅ (Φ−1(𝑃𝐷𝑘) +

Φ−1(99.9%)

√𝑅(𝑃𝐷𝑘)
)

2

+
Φ−1(99.9%)2

2
} − √1 − 𝑅(𝑃𝐷𝑘)] 

(G.1)  
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Appendix H: Linearization of RWEA and determination of the scaling factor 𝜶 

This appendix provides a detailed derivation of the linearization applied to both sides of Equation (6), leading to an explicit expression for the scaling factor 𝛼. 

∑𝐶𝑘 ⋅ {𝑅𝑊𝐸𝐴(0) +
𝜕

𝜕𝑀𝑜𝐶
𝑅𝑊𝐸𝐴(𝑀𝑜𝐶)|

𝑀𝑜𝐶=0
⋅ 𝑀𝑜𝐶}

𝑘

≈
!
∑𝐶𝑘 ⋅ {𝑅𝑊𝐸𝐴(0) +

𝜕

𝜕𝑀𝑜𝐶𝑘
𝑅𝑊𝐸𝐴(𝑀𝑜𝐶𝑘)|

𝑀𝑜𝑐𝑘=0

⋅ 𝑀𝑜𝐶𝑘}

𝑘

 

⇔∑𝐶𝑘 ⋅ 𝑅𝑊𝐸𝐴(0)

𝑘

+∑𝐶𝑘 ⋅
𝜕

𝜕𝑀𝑜𝐶
𝑅𝑊𝐸𝐴(𝑀𝑜𝐶)|

𝑀𝑜𝐶=0
⋅ 𝑀𝑜𝐶

𝑘

≈
!
∑𝐶𝑘 ⋅ 𝑅𝑊𝐸𝐴(0) +∑𝐶𝑘 ⋅

𝜕

𝜕𝑀𝑜𝐶𝑘
𝑅𝑊𝐸𝐴(𝑀𝑜𝐶𝑘)|

𝑀𝑜𝑐𝑘=0

⋅ 𝑀𝑜𝐶𝑘
𝑘𝑘

 

⇔∑𝐶𝑘 ⋅
𝜕

𝜕𝑀𝑜𝐶
𝑅𝑊𝐸𝐴(𝑀𝑜𝐶)|

𝑀𝑜𝐶=0
⋅ 𝑀𝑜𝐶

𝑘

≈∑𝐶𝑘 ⋅
𝜕

𝜕𝑀𝑜𝐶𝑘
𝑅𝑊𝐸𝐴(𝑀𝑜𝐶𝑘)|

𝑀𝑜𝑐𝑘=0

⋅ 𝑀𝑜𝐶𝑘
𝑘

 

⇔∑

𝑃𝐷𝑘
𝐿𝑅𝐴𝐷𝑅

√1 − 𝑅(𝑃𝐷𝑘)
⋅ 𝐶𝑘 ⋅ [exp {−

1

2
⋅
𝑅(𝑃𝐷𝑘)

1 − 𝑅(𝑃𝐷𝑘)
⋅ (Φ−1(𝑃𝐷𝑘) +

Φ−1(99.9%)

√𝑅(𝑃𝐷𝑘)
)

2

+
Φ−1(99.9%)2

2
} − √1 − 𝑅(𝑃𝐷𝑘)] ⋅ 𝑀𝑜𝐶

𝑘

≈∑
𝛼

√1 − 𝑅(𝑃𝐷𝑘)
⋅ 𝐶𝑘 ⋅ [exp {−

1

2
⋅
𝑅(𝑃𝐷𝑘)

1 − 𝑅(𝑃𝐷𝑘)
⋅ (Φ−1(𝑃𝐷𝑘) +

Φ−1(99.9%)

√𝑅(𝑃𝐷𝑘)
)

2

+
Φ−1(99.9%)2

2
} − √1 − 𝑅(𝑃𝐷𝑘)] ⋅ 𝑀𝑜𝐶𝑘

𝑘

 

⇔ 𝑀𝑜𝐶 ⋅∑

𝑃𝐷𝑘
𝐿𝑅𝐴𝐷𝑅

√1 − 𝑅(𝑃𝐷𝑘)
⋅ 𝐶𝑘 ⋅ {exp {−

1

2
⋅
𝑅(𝑃𝐷𝑘)

1 − 𝑅(𝑃𝐷𝑘)
⋅ (Φ−1(𝑃𝐷𝑘) +

Φ−1(99.9%)

√𝑅(𝑃𝐷𝑘)
)

2

+
Φ−1(99.9%)2

2
} − √1 − 𝑅(𝑃𝐷𝑘)}

⏞                                                                        

=
𝑃𝐷𝑘
𝐿𝑅𝐴𝐷𝑅

⋅𝑤𝑘

𝑘

≈ 𝛼 ⋅∑
1

√1 − 𝑅(𝑃𝐷𝑘)
⋅ 𝐶𝑘 ⋅ {exp {−

1

2
⋅
𝑅(𝑃𝐷𝑘)

1 − 𝑅(𝑃𝐷𝑘)
⋅ (Φ−1(𝑃𝐷𝑘) +

Φ−1(99.9%)

√𝑅(𝑃𝐷𝑘)
)

2

+
Φ−1(99.9%)2

2
} − √1 − 𝑅(𝑃𝐷𝑘)}

⏟                                                                        
=𝑤𝑘

⋅ 𝑀𝑜𝐶𝑘
𝑘

 

⇔ 𝑀𝑜𝐶 ⋅∑
𝑃𝐷𝑘
𝐿𝑅𝐴𝐷𝑅

⋅ 𝑤𝑘
𝑘

≈ 𝛼 ⋅∑𝑤𝑘 ⋅ 𝑀𝑜𝐶𝑘
𝑘

 

⇔ 𝑀𝑜𝐶 ≈ 𝛼 ⋅∑
𝑤𝑘

∑
𝑃𝐷𝑘′
𝐿𝑅𝐴𝐷𝑅

⋅ 𝑤𝑘′𝑘′

⋅ 𝑀𝑜𝐶𝑘
𝑘

 

⇔ 𝛼 ≈
𝑀𝑜𝐶

∑
𝑤𝑘

∑
𝑃𝐷𝑘′
𝐿𝑅𝐴𝐷𝑅

⋅ 𝑤𝑘′𝑘′

⋅ 𝑀𝑜𝐶𝑘𝑘

=

𝑀𝑜𝐶
𝐿𝑅𝐴𝐷𝑅

∑
𝑤𝑘

∑ 𝑃𝐷𝑘′ ⋅ 𝑤𝑘′𝑘′
⋅ 𝑀𝑜𝐶𝑘𝑘

 

(H.1)  
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Appendix I: Differences between predefined and median estimated 
asset correlations 

This appendix illustrates the difference between the predefined asset correlation and the me-

dian estimated asset correlation as a function of the preliminary (theoretical) discriminatory 

power and the predefined asset correlation across various unconditional PDs. To achieve this, 

we randomly sample systematic and idiosyncratic factors 100 times. 

 

 

Figure 6: Comparison of theoretical (light grey surface) and median estimated (dark grey surface) asset 

correlation across 100 random draws of the systematic and idiosyncratic factors, shown as a function of 

the preliminary (theoretical) discriminatory power (measured by the AUROC) and predefined asset cor-

relation. The unconditional PD is set to 0.5%. The figure illustrates that asset correlations estimated 

from time series of default rates (dark grey surface) tend to underestimate the predefined asset corre-

lation (light grey surface). The extent of underestimation of the asset correlation varies with the prelimi-

nary (theoretical) discriminatory power (AUROC) and the true predefined asset correlation. 
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Figure 7: Comparison of theoretical (light grey surface) and median estimated (dark grey surface) asset 

correlation across 100 random draws of the systematic and idiosyncratic factors, shown as a function of 

the preliminary (theoretical) discriminatory power (measured by the AUROC) and predefined asset cor-

relation. The unconditional PD is set to 1.0%. The figure illustrates that asset correlations estimated 

from time series of default rates (dark grey surface) tend to underestimate the predefined asset corre-

lation (light grey surface). The extent of underestimation of the asset correlation varies with the prelimi-

nary (theoretical) discriminatory power (AUROC) and the true predefined asset correlation.  
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Figure 8: Comparison of theoretical (light grey surface) and median estimated (dark grey surface) asset 

correlation across 100 random draws of the systematic and idiosyncratic factors, shown as a function of 

the preliminary (theoretical) discriminatory power (measured by the AUROC) and predefined asset cor-

relation. The unconditional PD is set to 2.0%. The figure illustrates that asset correlations estimated 

from time series of default rates (dark grey surface) tend to underestimate the predefined asset corre-

lation (light grey surface). The extent of underestimation of the asset correlation varies with the prelimi-

nary (theoretical) discriminatory power (AUROC) and the true predefined asset correlation.  
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Figure 9: Comparison of theoretical (light grey surface) and median estimated (dark grey surface) asset 

correlation across 100 random draws of the systematic and idiosyncratic factors, shown as a function of 

the preliminary (theoretical) discriminatory power (measured by the AUROC) and predefined asset cor-

relation. The unconditional PD is set to 4.0%. The figure illustrates that asset correlations estimated 

from time series of default rates (dark grey surface) tend to underestimate the predefined asset corre-

lation (light grey surface). The extent of underestimation of the asset correlation varies with the prelimi-

nary (theoretical) discriminatory power (AUROC) and the true predefined asset correlation.  
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Figure 10: Comparison of theoretical (light grey surface) and median estimated (dark grey surface) asset 

correlation across 100 random draws of the systematic and idiosyncratic factors, shown as a function of 

the preliminary (theoretical) discriminatory power (measured by the AUROC) and predefined asset cor-

relation. The unconditional PD is set to 8.0%. The figure illustrates that asset correlations estimated 

from time series of default rates (dark grey surface) tend to underestimate the predefined asset corre-

lation (light grey surface). The extent of underestimation of the asset correlation varies with the prelimi-

nary (theoretical) discriminatory power (AUROC) and the true predefined asset correlation.  
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Appendix J: Comparison of estimated asset correlation using differ-
ent empirical AUROC definitions 

The purpose of this Appendix is to present plots of the estimated asset correlation as a function 

of both the final (empirical) AUROC and the true asset correlation for different unconditional 

PDs. The final (empirical) AUROC is defined in three ways.  

• In Figure 11 to Figure 15, it is calculated as the average of the AUROC values calcu-

lated separately for each year within the 20-year historical observation period. 

• In Figure 16 to Figure 20, it is calculated as the median of the AUROC values calculated 

separately for each year within the 20-year period. 

• In Figure 21 to Figure 25, it is calculated from the pooled credit scores and default 

statuses over the entire 20-year period. 

All of these figures are qualitatively very similar to those based on the preliminary (theoretical) 

discriminatory power (see Figure 1 to Figure 5). 

 

 

Figure 11: Comparison of theoretical (light grey surface) and average estimated (dark grey surface) 

asset correlation across 100 random draws of the systematic and idiosyncratic factors, shown as a 

function of the final (empirical) discriminatory power (measured by the average AUROC across the his-

torical observation period) and predefined asset correlation. The unconditional PD is set to 0.5%. The 

figure illustrates that asset correlations estimated from time series of default rates (dark grey surface) 

tend to underestimate the predefined asset correlation (light grey surface). The extent of underestima-

tion of the asset correlation varies with the final (empirical) discriminatory power (AUROC) and the true 

predefined asset correlation. 
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Figure 12: Comparison of theoretical (light grey surface) and average estimated (dark grey surface) 

asset correlation across 100 random draws of the systematic and idiosyncratic factors, shown as a 

function of the final (empirical) discriminatory power (measured by the average AUROC across the his-

torical observation period) and predefined asset correlation. The unconditional PD is set to 1.0%. The 

figure illustrates that asset correlations estimated from time series of default rates (dark grey surface) 

tend to underestimate the predefined asset correlation (light grey surface). The extent of underestima-

tion of the asset correlation varies with the final (empirical) discriminatory power (AUROC) and the true 

predefined asset correlation.  
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Figure 13: Comparison of theoretical (light grey surface) and average estimated (dark grey surface) 

asset correlation across 100 random draws of the systematic and idiosyncratic factors, shown as a 

function of the final (empirical) discriminatory power (measured by the average AUROC across the his-

torical observation period) and predefined asset correlation. The unconditional PD is set to 2.0%. The 

figure illustrates that asset correlations estimated from time series of default rates (dark grey surface) 

tend to underestimate the predefined asset correlation (light grey surface). The extent of underestima-

tion of the asset correlation varies with the final (empirical) discriminatory power (AUROC) and the true 

predefined asset correlation.  
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Figure 14: Comparison of theoretical (light grey surface) and average estimated (dark grey surface) 

asset correlation across 100 random draws of the systematic and idiosyncratic factors, shown as a 

function of the final (empirical) discriminatory power (measured by the average AUROC across the his-

torical observation period) and predefined asset correlation. The unconditional PD is set to 4.0%. The 

figure illustrates that asset correlations estimated from time series of default rates (dark grey surface) 

tend to underestimate the predefined asset correlation (light grey surface). The extent of underestima-

tion of the asset correlation varies with the final (empirical) discriminatory power (AUROC) and the true 

predefined asset correlation.  
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Figure 15: Comparison of theoretical (light grey surface) and average estimated (dark grey surface) 

asset correlation across 100 random draws of the systematic and idiosyncratic factors, shown as a 

function of the final (empirical) discriminatory power (measured by the average AUROC across the his-

torical observation period) and predefined asset correlation. The unconditional PD is set to 8.0%. The 

figure illustrates that asset correlations estimated from time series of default rates (dark grey surface) 

tend to underestimate the predefined asset correlation (light grey surface). The extent of underestima-

tion of the asset correlation varies with the final (empirical) discriminatory power (AUROC) and the true 

predefined asset correlation.  
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Figure 16: Comparison of theoretical (light grey surface) and average estimated (dark grey surface) 

asset correlation across 100 random draws of the systematic and idiosyncratic factors, shown as a 

function of the final (empirical) discriminatory power (measured by the median AUROC across the his-

torical observation period) and predefined asset correlation. The unconditional PD is set to 0.5%. The 

figure illustrates that asset correlations estimated from time series of default rates (dark grey surface) 

tend to underestimate the predefined asset correlation (light grey surface). The extent of underestima-

tion of the asset correlation varies with the final (empirical) discriminatory power (AUROC) and the true 

predefined asset correlation.  
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Figure 17: Comparison of theoretical (light grey surface) and average estimated (dark grey surface) 

asset correlation across 100 random draws of the systematic and idiosyncratic factors, shown as a 

function of the final (empirical) discriminatory power (measured by the median AUROC across the his-

torical observation period) and predefined asset correlation. The unconditional PD is set to 1.0%. The 

figure illustrates that asset correlations estimated from time series of default rates (dark grey surface) 

tend to underestimate the predefined asset correlation (light grey surface). The extent of underestima-

tion of the asset correlation varies with the final (empirical) discriminatory power (AUROC) and the true 

predefined asset correlation.  
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Figure 18: Comparison of theoretical (light grey surface) and average estimated (dark grey surface) 

asset correlation across 100 random draws of the systematic and idiosyncratic factors, shown as a 

function of the final (empirical) discriminatory power (measured by the median AUROC across the his-

torical observation period) and predefined asset correlation. The unconditional PD is set to 2.0%. The 

figure illustrates that asset correlations estimated from time series of default rates (dark grey surface) 

tend to underestimate the predefined asset correlation (light grey surface). The extent of underestima-

tion of the asset correlation varies with the final (empirical) discriminatory power (AUROC) and the true 

predefined asset correlation.  
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Figure 19: Comparison of theoretical (light grey surface) and average estimated (dark grey surface) 

asset correlation across 100 random draws of the systematic and idiosyncratic factors, shown as a 

function of the final (empirical) discriminatory power (measured by the median AUROC across the his-

torical observation period) and predefined asset correlation. The unconditional PD is set to 4.0%. The 

figure illustrates that asset correlations estimated from time series of default rates (dark grey surface) 

tend to underestimate the predefined asset correlation (light grey surface). The extent of underestima-

tion of the asset correlation varies with the final (empirical) discriminatory power (AUROC) and the true 

predefined asset correlation.  
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Figure 20: Comparison of theoretical (light grey surface) and average estimated (dark grey surface) 

asset correlation across 100 random draws of the systematic and idiosyncratic factors, shown as a 

function of the final (empirical) discriminatory power (measured by the median AUROC across the his-

torical observation period) and predefined asset correlation. The unconditional PD is set to 8.0%. The 

figure illustrates that asset correlations estimated from time series of default rates (dark grey surface) 

tend to underestimate the predefined asset correlation (light grey surface). The extent of underestima-

tion of the asset correlation varies with the final (empirical) discriminatory power (AUROC) and the true 

predefined asset correlation.  
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Figure 21: Comparison of theoretical (light grey surface) and average estimated (dark grey surface) 

asset correlation across 100 random draws of the systematic and idiosyncratic factors, shown as a 

function of the final (empirical) discriminatory power (measured by the AUROC calculated from the 

pooled dataset over the entire historical observation period) and predefined asset correlation. The un-

conditional PD is set to 0.5%. The figure illustrates that asset correlations estimated from time series of 

default rates (dark grey surface) tend to underestimate the predefined asset correlation (light grey sur-

face). The extent of underestimation of the asset correlation varies with the final (empirical) discrimina-

tory power (AUROC) and the true predefined asset correlation.  
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Figure 22: Comparison of theoretical (light grey surface) and average estimated (dark grey surface) 

asset correlation across 100 random draws of the systematic and idiosyncratic factors, shown as a 

function of the final (empirical) discriminatory power (measured by the AUROC calculated from the 

pooled dataset over the entire historical observation period) and predefined asset correlation. The un-

conditional PD is set to 1.0%. The figure illustrates that asset correlations estimated from time series of 

default rates (dark grey surface) tend to underestimate the predefined asset correlation (light grey sur-

face). The extent of underestimation of the asset correlation varies with the final (empirical) discrimina-

tory power (AUROC) and the true predefined asset correlation.  
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Figure 23: Comparison of theoretical (light grey surface) and average estimated (dark grey surface) 

asset correlation across 100 random draws of the systematic and idiosyncratic factors, shown as a 

function of the final (empirical) discriminatory power (measured by the AUROC calculated from the 

pooled dataset over the entire historical observation period) and predefined asset correlation. The un-

conditional PD is set to 2.0%. The figure illustrates that asset correlations estimated from time series of 

default rates (dark grey surface) tend to underestimate the predefined asset correlation (light grey sur-

face). The extent of underestimation of the asset correlation varies with the final (empirical) discrimina-

tory power (AUROC) and the true predefined asset correlation.  
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Figure 24: Comparison of theoretical (light grey surface) and average estimated (dark grey surface) 

asset correlation across 100 random draws of the systematic and idiosyncratic factors, shown as a 

function of the final (empirical) discriminatory power (measured by the AUROC calculated from the 

pooled dataset over the entire historical observation period) and predefined asset correlation. The un-

conditional PD is set to 4.0%. The figure illustrates that asset correlations estimated from time series of 

default rates (dark grey surface) tend to underestimate the predefined asset correlation (light grey sur-

face). The extent of underestimation of the asset correlation varies with the final (empirical) discrimina-

tory power (AUROC) and the true predefined asset correlation.  



 

56 
 

 

Figure 25: Comparison of theoretical (light grey surface) and average estimated (dark grey surface) 

asset correlation across 100 random draws of the systematic and idiosyncratic factors, shown as a 

function of the final (empirical) discriminatory power (measured by the AUROC calculated from the 

pooled dataset over the entire historical observation period) and predefined asset correlation. The un-

conditional PD is set to 8.0%. The figure illustrates that asset correlations estimated from time series of 

default rates (dark grey surface) tend to underestimate the predefined asset correlation (light grey sur-

face). The extent of underestimation of the asset correlation varies with the final (empirical) discrimina-

tory power (AUROC) and the true predefined asset correlation. 




